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Abstract. Integrated railroad blocking is a central planning problem in freight railway operations, which requires coor-

dinated decisions on block design, blocking sequences, and block routing. The interactions among these decisions and

the scale of real railway networks make direct mixed-integer optimization computationally challenging. Existing con-

struction and local-search heuristics may overlook promising transportation paths, while expanding the path set increases

the size of the resulting optimization problems. To solve this problem, we propose a dual-guided column-generation-

based matheuristic (DG-CGM) that uses linear programming (LP) dual information to identify promising transportation

paths and incorporates them into restricted mixed-integer programs to improve feasible solutions. Starting from an initial

plan built by construction, DG-CGM alternates destroy and local repair with path generation, which uses dual prices

from restricted LPs of a Dantzig–Wolfe reformulation to identify promising transportation paths. When local improve-

ments continue to stagnate, we further apply joint repair to combine alternatives across demand groups. To address the

coupling between logical and physical path pricing, we introduce a joint reduced cost that eliminates path-specific dual

variables from pricing, enabling more efficient column identification through exact labeling algorithms. We evaluate the

performance of DG-CGM on both generated instances and real-world cases. On 150 generated instances with 50–150

nodes, DG-CGM achieves the optimal cost on 89 of the 91 instances solved to proven optimality by Gurobi, with a geo-

metric mean runtime of only 5.2% of Gurobi’s and a mean relative cost reduction of 3.4%. On six full-scale scenarios

derived from the 2026 INFORMS Railway Applications Section competition data, each with 47,193 nodes, DG-CGM

obtains feasible solutions within two hours that serve 95.9%–99.6% of the requested freight volume, providing practical

blocking plans for large-scale railway operations. The code, instances, and computational results are publicly available at

https://github.com/Zhengzhong-You/IRBP.
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1. Introduction
Railroad blocking consolidates compatible railcars into blocks that move together between classification

yards. At Union Pacific’s Bailey Yard alone, approximately 10,000 railcars are handled daily, with more

than 3,000 sorted across 114 classification tracks (Union Pacific 2025, Visit North Platte 2020). Improve-

ments in blocking decisions can yield substantial economic benefits. For example, CSX reported that its

Cumberland network optimization generated approximately $15 million in direct savings and reduced rail-

car handlings by 59,000 (CSX Corporation 2024). At the network level, freight transportation requires three
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interdependent decisions on which yard-to-yard blocks to open (block design), which sequence of compat-

ible blocks each demand should use (blocking sequence), and which physical route each open block should

follow (block routing). These three decisions define the integrated railroad blocking problem (IRBP) (Ahuja

et al. 2007, INFORMS Railway Applications Section 2026). The IRBP seeks to minimize transportation

and operating costs while satisfying minimum block loads and shared resource capacities, which couple the

decisions across different demands.

Existing studies have developed arc-based mixed-integer programming (MIP) formulations and exact

methods for railroad blocking (Newton et al. 1998, Arsalani et al. 2023). However, real-world instances

can involve millions of decision variables. For example, the 2026 INFORMS Railway Applications Section

(RAS) Problem Solving Competition provides a network with 47,193 physical nodes, 106,570 directed

arcs, and more than 2,000 freight demands (INFORMS Railway Applications Section 2026). At this scale,

obtaining proven optimal solutions within practical time limits is challenging. Heuristic approaches often

restrict candidate blocks or paths to reduce the model size, potentially excluding better solutions (Newton

et al. 1998, Fang et al. 2023). Neighborhood search provides greater flexibility by repeatedly optimizing

selected subsets of decisions (Ahuja et al. 2007, Yaghini et al. 2021). Nevertheless, its effectiveness depends

on the available paths. Even an optimally solved neighborhood may miss improvements if suitable paths

have not been generated, while adding too many paths increases the size of the resulting MIPs.

Linear programming (LP) dual prices and reduced costs identify promising decisions from network-wide

information (Buson et al. 2014, Hewitt et al. 2013). For the IRBP, such information can be obtained from

the LP relaxation of a compact arc-based formulation (ARC). However, this relaxation is weak, which can

limit the value of its dual information for guiding integer search. To obtain stronger LP-based guidance,

we derive an exact Dantzig–Wolfe (DW) formulation by convexifying the demand and block substructures

(Lübbecke and Desrosiers 2005, Lübbecke and Witt 2018). We establish its integer equivalence to ARC and

prove that its LP relaxation is at least as strong as that of ARC, with strict improvement possible. As shown

in Section 6.2, the mean lower-bound gap decreases from 67.5% for ARC to 3.1% for DW. Although the

DW relaxation provides substantially tighter lower bounds, solving it involves challenging pricing subprob-

lems because logical paths and physical block routes are coupled through the DW master constraints. To

address this difficulty, we introduce a joint reduced cost (JRC) measure that eliminates the dependence on

path-specific dual variables in pricing while preserving the exact pricing optimality condition. This allows

the corresponding labeling algorithms to identify improving columns more efficiently. In particular, a non-

negative minimum JRC remains a valid stopping criterion for exact pricing, allowing the converged DW

relaxation to provide a valid lower bound.

Building on the DW formulation, we develop a dual-guided column-generation-based matheuristic (DG-

CGM). Its central idea is to construct a feasible blocking plan and progressively improve it by using DW

dual information to generate promising transportation paths for restricted MIP optimization. The method
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has two main stages. In the first stage, construction builds an initial feasible solution by grouping compatible

demands around candidate blocks and consolidation hubs. The second stage combines destroy, local repair,

path generation, and joint repair. Specifically, destroy releases related demand assignments, and local repair

jointly reoptimizes their logical paths, served volumes, and associated physical routes. When this local

search stagnates, path generation solves a restricted DW LP over the current logical and physical paths and

uses its dual prices to identify additional logical paths for repair. If subsequent rounds of local search do not

improve the solution, joint repair further optimizes selected demand groups jointly over their accumulated

paths before the search returns to destroy and local repair.

Our contributions are threefold.

• We develop the ARC and DW formulations for the IRBP, prove their integer equivalence, and establish

the strength of the DW relaxation. We further develop exact JRC-based pricing algorithms that simplify

the search for improving columns while preserving pricing optimality. These exact methods also provide

benchmarks for evaluating DG-CGM.

• We develop DG-CGM, which constructs an initial feasible blocking plan and iteratively improves it

through dual-guided path generation and restricted MIP-based neighborhood search. Path generation solves

a restricted DW LP and returns the logical paths with the lowest JRC as additional candidates for subsequent

local repair and joint repair. This iterative combination of column generation and integer repair allows the

search to explore new blocking decisions while keeping the optimization problems manageable.

• We conduct extensive computational experiments to evaluate the effectiveness of DG-CGM on gen-

erated instances calibrated to real railway data and full-scale RAS instances. On 150 generated instances,

DG-CGM matches 89 of the 91 optima proven by ARC MIP within two hours, while reducing feasible

costs by 3.4% on average and up to 40.4%. On larger instances, its mean gap to the DW lower bound

after 300 seconds is at most 1.6%, compared with 24.2%–78.8% for ARC MIP after two hours. We further

conduct ablation studies to assess the contributions of the individual search components and validate their

design choices. On six full-scale RAS configurations, DG-CGM obtains feasible solutions within two hours

that serve 95.9%–99.6% of the requested freight volume, demonstrating its ability to construct high-service

blocking plans on large railway networks.

The remainder of this paper is organized as follows. Section 2 reviews related work. Section 3 defines the

IRBP and presents ARC. Section 4 develops the DW formulation and pricing algorithms. Section 5 presents

DG-CGM, followed by computational results in Section 6. Section 7 concludes the paper.

2. Related Work
We review railroad blocking and integrated service network design in Section 2.1, DW decomposition and

column generation in Section 2.2, and heuristic and matheuristic methods in Section 2.3.
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2.1. Railroad Blocking and Integrated Service Network Design

Early railroad blocking studies focused on coordinating railcar classification and block formation across

railway networks. For example, Bodin et al. (1980) modeled network-wide classification strategies as a

nonlinear mixed-integer multicommodity flow problem. Extending this perspective to broader railway oper-

ations, Crainic et al. (1984) jointly considered freight routing, train services, and yard classification. Sub-

sequently, Keaton (1989) incorporated train frequencies, car routing, and train-size and yard-capacity con-

straints, using Lagrangian relaxation and heuristics to construct feasible operating plans.

Later studies incorporated more detailed blocking constraints and developed corresponding solution

methods. Newton et al. (1998) considered classification limits, shipment priorities, and mileage, handling,

and delay costs, developing a column-generation-based branch-and-bound method. Building on this net-

work design perspective, Barnhart et al. (2000) distinguished limits on the number of blocks formed at a

yard from limits on the freight volume handled there, using Lagrangian relaxation.

Subsequent research extended railroad blocking to integrated service network design, incorporating addi-

tional train operations and service requirements. Zhu et al. (2014) jointly considered train scheduling, block-

ing, train makeup, and time-dependent shipment routing. More closely related to our setting, Arsalani et al.

(2023) integrated train formation and shipment routing under link, classification, and path-length restric-

tions. More recently, Xin et al. (2025) considered heterogeneous demands under mixed blocking policies,

combining time-constrained express shipments with an intree policy for ordinary freight.

These studies address different combinations of blocking, routing, scheduling, and operational con-

straints. Building on this literature, the IRBP considered here jointly optimizes block design, logical demand

paths, and physical block routes in a static setting. It allows continuous partial service while requiring each

served demand to follow a single logical path. Minimum and maximum block loads, shared physical link

capacities, yard handling limits, and classification track capacities further couple these decisions.

2.2. DW Decomposition and Column Generation

Arc-based formulations represent block or service decisions and shipment movements through variables

associated with individual network arcs. Flow conservation, activation constraints, and shared capacities

link these decisions. Such formulations provide a direct representation of the network, as illustrated by the

integrated models of Yaghini et al. (2021) and Arsalani et al. (2023). Their size grows with the network and

the number of commodities, while the quality of the LP bound depends on how the interactions among the

discrete decisions are represented.

DW decomposition replaces selected substructures with columns representing complete feasible patterns,

coordinated through a master problem (Dantzig and Wolfe 1960, Lübbecke and Desrosiers 2005). When the

columns represent integer-feasible subproblem solutions, the reformulation convexifies those substructures

and can strengthen the original LP relaxation. The improvement depends on the chosen decomposition, not
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simply on replacing arc variables with path variables. Lübbecke and Witt (2018) characterize this depen-

dence for stable set and related problems, showing that different decompositions can yield substantially

different relaxation strengths. For railroad blocking, a path representation also allows routing feasibility to

be handled within subproblems while the master coordinates shared resources.

However, the resulting master problem may contain too many columns to enumerate explicitly. To address

this difficulty, column generation maintains a restricted master problem (RMP) containing only a subset of

columns. At each iteration, the RMP is solved to obtain dual prices, which guide the pricing subproblems

in identifying improving columns. These columns are then added to the RMP, and the process repeats until

pricing confirms that no improving columns remain (Lübbecke and Desrosiers 2005). In railroad blocking,

Newton et al. (1998) used shortest-path pricing to generate shipment paths within a branch-and-bound

framework, while Voll and Clausen (2013) developed a branch-and-price method for a European variant of

the problem.

Computational performance depends heavily on pricing efficiency. In our DW formulation, logical and

physical paths are coupled through master constraints involving path selection and volume variables, which

complicates the design of conventional pricing algorithms based on reduced costs. In contrast, the proposed

JRC measure accounts for this coupling while eliminating the dependence on path-specific dual variables,

enabling more efficient pricing.

2.3. Heuristics and Matheuristics

Problem-specific heuristics have been central to solving large railroad blocking and service network design

problems. Keaton (1989) used Lagrangian relaxation together with heuristic adjustments to obtain operating

plans satisfying train capacities. Barnhart et al. (2000) similarly developed a Lagrangian approach that sep-

arates the blocking problem into simpler subproblems and constructs feasible plans. Neighborhood search

provides another way to improve a plan without optimizing all decisions simultaneously. Ahuja et al. (2007)

developed a very large-scale neighborhood search for railroad blocking and applied it to operating plans for

major US railroads.

Metaheuristics broaden the exploration of blocking plans through population search or mechanisms for

moving beyond local improvements. Yaghini et al. (2012) developed a genetic algorithm for selecting blocks

and assigning commodities, and Yaghini et al. (2013) proposed a tabu search algorithm for the railroad

blocking problem. Both studies evaluated solution quality and computation time against a MIP solver. Such

methods make large problems accessible to heuristic search, but the moves and candidate decisions available

within each neighborhood still determine which coordinated changes can be explored.

Matheuristics use mathematical optimization to guide this search or optimize selected parts of a solution.

For scheduled rail service network design, Zhu et al. (2014) combined slope scaling, dynamic block gener-

ation, memory-based perturbation, and optimization over large neighborhoods. Particularly relevant to our
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setting, Yaghini et al. (2021) developed an LP-based neighborhood search for integrated train blocking and

shipment routing. Their method repeatedly solves LP relaxations, modifies objective coefficients through a

tabu-inspired penalization scheme, and constructs a restricted MIP from the resulting solutions. They report

high-quality solutions within reasonable computation times. These approaches illustrate how network-wide

optimization information can support the selection and joint adjustment of blocking decisions.

Candidate generation provides a complementary way to control the size of the optimization problems.

Fang et al. (2023) generated promising candidate blocks using shortest-path information and optimized

blocking and train design through a two-stage approach. In the related multicommodity fixed-charge net-

work flow problem, Hewitt et al. (2013) used column generation both to construct problem restrictions and

to obtain bounds, together with local search around the incumbent. Although their algorithm is exact, its

use of generated restrictions to obtain feasible solutions is closely related to the design of matheuristics.

DG-CGM follows this optimization-guided search approach by combining DW-based path generation

with restricted MIP repair. Generated logical paths expand the choices available to selected demand groups,

while repair jointly adjusts their service volumes and associated block paths. The connection between path

generation and neighborhood optimization is central to the method, since improving the available paths and

coordinating their use are complementary parts of the integer search.

3. Problem Definition and Compact Formulation
We first define the IRBP in Section 3.1, describing its physical and logical networks, operating decisions,

feasibility constraints, and objective function. Section 3.2 then presents the compact arc-based mixed-

integer linear formulation and explains how its constraints represent the problem requirements.

3.1. Problem Definition

In the IRBP, freight demands are assigned to sequences of blocks in what we call the logical network, while

each open block follows a route through the physical railway network. The logical network GY = (Y,B)

is a directed multigraph, where Y is the set of classification yards and B is the set of candidate blocks.

Each block b ∈ B carries railcars from yard ib to a distinct yard jb without intermediate reclassification.

Multiple blocks may connect the same pair of yards. Let K denote the set of freight demands, where each

demand k ∈K has origin ok, destination dk ̸= ok, requested volume qk > 0, and a set Bk ⊆B of compatible

blocks. Some demands prohibit intermediate reclassification and can therefore use only direct blocks. A

blocking plan selects a set BO ⊆B of open blocks (block design) and assigns each demand a served volume

vk ∈ [0, qk] and, if vk > 0, a single logical path pk from ok to dk using blocks inBk∩BO (blocking sequence).

The resulting load of block b is fb =
∑

k∈K: b∈pk
vk, where unserved demands have empty paths. Every

open block must satisfy its minimum load requirement fb ≥ f b
> 0. Each yard i ∈ Y has Ti classification

track slots and handling capacity Hi. An open block b occupies κb ∈ {0,1} track slots at its origin yard,

depending on its commodity type, while the total reclassified volume vHi , comprising freight transferred
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between consecutive blocks at yard i, cannot exceed Hi. The total track slots occupied by open blocks

originating at i cannot exceed Ti.

The physical networkG= (N ,E) consists of physical nodesN ⊇Y and links E , where the nodes include

classification yards and transit points used only for routing. Each link e ∈ E permits travel in one or both

directions and has capacity Ce, shared across both directions when applicable. Let Ae denote its permitted

directed traversal arcs, and define the directed physical graph GP = (N ,A), where A =
⋃

e∈EAe. Each

arc a ∈ A has tail ia, head ja, and length Da > 0. For each open block b, block routing selects a physical

path rb from ib to jb that carries its entire load fb. The path must satisfy the length limit
∑

a∈rb
Da ≤Db,

and the total loads of blocks traversing each physical link e cannot exceed Ce. Unless stated otherwise, all

logical and physical paths are elementary, i.e., each node is visited at most once along a path. These physical

capacity constraints couple the routing decisions with the block loads determined in the logical network.

Figure 1 Demand assignment, logical network, and physical network.

(a) Demand assignment (b) Logical network (c) Physical network
Demand
ok → dk

(qk, vk) Blocks

k1 : 1→ 2 (200,200) b1

k2 : 2→ 4 (100,0) unserved

k3 : 1→ 3 (300,300) b2

k4 : 3→ 4 (200,200) b3

k5 : 1→ 4 (100,100) b2 → b3

1

2

3 4

1

2

3 4

fb1
= 200

f
b
2 =

400

fb3
= 300

fb1
= 200

f
b
2 =

400

fb3
= 300

5
6

7

8

Notes. Dashed arrows represent open blocks, and solid arrows represent physical arcs. Classification track use is limited by the

capacity at each yard (assume T1 = 3 and T3 = 2). Yard 3 can reclassify at most 100 units of freight (assume H3 = 100), and each

shown arc represents a separate one-way link with capacity 500 (assume Ce = 500). Assume unit arc lengths Da = 1, minimum

block loads f
b
= 100, and path length budgets Db = 3.

Figure 1 illustrates a feasible blocking plan with three open blocks. Demands k1, k3, k4, and k5 are fully

served, while demand k2 remains unserved. Demand k5 follows the blocking sequence b2 → b3, giving

block loads fb2 = vk3 + vk5 = 400 and fb3 = vk4 + vk5 = 300. All open blocks satisfy the minimum load

requirement fb ≥ f b
= 100 and the physical path length limit

∑
a∈rb

Da ≤Db = 3. Since blocks b1 and b2

originate at yard 1 and block b3 at yard 3, they occupy two classification track slots at yard 1 and one at yard

3, within the respective capacities T1 = 3 and T3 = 2. Only demand k5 requires intermediate reclassification,

giving vH3 = vk5 = 100≤H3, with no reclassification at the other yards. Finally, the load on every physical

link is at most 400 units, below its capacity Ce = 500.

The objective minimizes the total cost of the blocking plan, comprising the five components illustrated

in Figure 2. Opening block b incurs a fixed opening cost cOb , as shown in panel (a). The transportation cost

cTba ≥ 0 applies per unit of block load carried over arc a∈ rb in panel (b), while the handling cost cHi applies
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per unit of freight reclassified at intermediate yard i in panel (c). An interchange occurs when freight is

transferred between railroad operators, such as from Union Pacific to BNSF Railway, and incurs a per-unit

cost cIb for block b, as shown in panel (d). Finally, the unserved demand cost cUk applies to each of the qk−vk
units of demand k left unserved, as shown in panel (e).

Figure 2 Decisions that generate the five cost components.

(a) Opening (b) Transportation (c) Handling (d) Interchange (e) Unserved

ib jb
block b

opened service

cOb

ia ja

arc a∈ rb

volume fb

cTbafb

ib i jb′

b b′

reclassify at yard i

cHi v
H
i

operator A operator B

ib jb

block b, volume fb

cIbfb

served unserved

vk qk − vk

cUk (qk− vk)

3.2. Arc-Based Formulation

We formulate the IRBP as an arc-based MIP, referred to as ARC, that jointly determines block design,

blocking sequences, and block routing. Superscripts D and B distinguish variables associated with demand

blocking sequences and physical block routes, respectively. In the logical network, for each demand k

and yard i ∈ Y , let B+
k (i) and B−

k (i) denote the sets of compatible blocks leaving and entering i. For

block design, binary variable yb indicates whether block b is opened. For each demand k, binary variables

xD
k and xD

kb indicate whether the demand is assigned a logical path and whether that path uses block b ∈

Bk, respectively, while continuous variable gkb represents the volume of demand k transported on that

block. The served volumes vk, block loads fb, and reclassified volumes vHi defined in Section 3.1 are also

continuous variables. The set Kb = {k ∈ K : b ∈ Bk} contains the demands compatible with block b, and

f b =
∑

k∈Kb
qk provides an upper bound on its load. Auxiliary continuous variables ℓDki impose an ordering

on the yards visited by each demand to exclude cycles in logical paths.

In the physical network, for each node n ∈N , let A+(n) and A−(n) denote the sets of arcs leaving and

entering n. For each block b, binary variable xB
ba indicates whether its physical path uses arc a ∈A, while

continuous variable wba represents the volume of block b transported on that arc. Auxiliary continuous

variables ℓBbn impose an ordering on the nodes visited by each block to exclude cycles. The indicator 1{·}

equals one when its condition holds and zero otherwise.

The ARC formulation is given in Eq. (1). Objective (1a) minimizes the total cost of block opening, trans-

portation, handling, interchange, and unserved demand. For blocking sequences, Eqs. (1b)–(1c) enforce

flow conservation for the selected logical path and its associated freight volume, while Eqs. (1d)–(1e) pre-

vent branching and eliminate cycles in the selected logical paths. Eqs. (1f) and (1h) connect logical path

selections xD
kb with freight volumes gkb and block openings yb, while Eq. (1g) imposes lower and upper

bounds on served volumes vk. For block routing, Eqs. (1i)–(1j) and (1m) ensure that each open block fol-

lows exactly one elementary physical path from ib to jb, subject to the length budget in Eq. (1k). Eq. (1l)

aggregates the freight volumes assigned by compatible demands, while Eqs. (1n)–(1o) ensure that all freight
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assigned to each block follows its selected physical path. Eq. (1p) gives the lower and upper bounds on

the freight volume of each block, while Eq. (1q) calculates the volume reclassified when freight transfers

between blocks at intermediate yards. Eqs. (1r), (1s), and (1t) limit classification track usage, aggregate

physical link volumes, and yard handling volumes, respectively. Finally, Eqs. (1u)–(1v) specify the variable

domains. We denote the optimal objective values of ARC and its LP relaxation by z∗arc and zlparc, respectively.

min
∑
b∈B

cOb yb +
∑
b∈B

∑
a∈A

cTbawba +
∑
i∈Y

cHi v
H
i +

∑
b∈B

cIbfb +
∑
k∈K

cUk (qk− vk) (1a)

s.t.
∑

b∈B+
k
(i)

xD
kb−

∑
b∈B−

k
(i)

xD
kb = xD

k

(
1{i= ok}−1{i= dk}

)
, ∀k ∈K, i∈Y,

∑
b∈B+

k
(i)

gkb−
∑

b∈B−
k
(i)

gkb = vk
(
1{i= ok}−1{i= dk}

)
, ∀k ∈K, i∈Y,

∑
b∈B+

k
(i)

xD
kb ≤ xD

k ,
∑

b∈B−
k
(i)

xD
kb ≤ xD

k , ∀k ∈K, i∈Y,

ℓDkjb ≥ ℓ
D
kib

+1− |Y|(1−xD
kb), ∀k ∈K, b∈Bk,

0≤ gkb ≤ qkxD
kb, ∀k ∈K, b∈Bk,

0≤ vk ≤ qkxD
k , ∀k ∈K,

xD
kb ≤ yb, ∀k ∈K, b∈Bk.



Assignment

(1b)

(1c)

(1d)

(1e)
(1f)
(1g)
(1h)∑

a∈A+(n)

xB
ba−

∑
a∈A−(n)

xB
ba = yb

(
1{n= ib}−1{n= jb}

)
, ∀b∈B, n∈N ,∑

a∈A+(n)

xB
ba ≤ yb,

∑
a∈A−(n)

xB
ba ≤ yb, ∀b∈B, n∈N ,∑

a∈A

Dax
B
ba ≤Dbyb, ∀b∈B,

fb =
∑
k∈Kb

gkb, ∀b∈B,

ℓBbja ≥ ℓ
B
bia

+1− |N |(1−xB
ba), ∀b∈B, a∈A,

0≤wba ≤ f bx
B
ba, wba ≤ fb, ∀b∈B, a∈A,

wba ≥ fb− f b(yb−xB
ba), ∀b∈B, a∈A,

f
b
yb ≤ fb ≤ f byb, ∀b∈B.



Paths

(1i)

(1j)

(1k)

(1l)

(1m)
(1n)
(1o)
(1p)

vHi =
∑
k∈K

 ∑
b∈B+

k
(i)

gkb−1{i= ok}vk

 , ∀i∈Y,

∑
b∈B:ib=i

κbyb ≤ Ti, ∀i∈Y,∑
b∈B

∑
a∈Ae

wba ≤Ce, ∀e∈ E ,

vHi ≤Hi, ∀i∈Y.


Capacity

(1q)

(1r)

(1s)

(1t)

0≤ ℓDki ≤ |Y|− 1, 0≤ ℓBbn ≤ |N |− 1,

xD
kb, x

D
k , yb, x

B
ba ∈ {0,1}.

}
Domains

(1u)
(1v)
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4. Dantzig–Wolfe Formulation and Column Generation
The weak LP relaxation of ARC, as reflected in the large lower-bound gaps reported in Section 6.2, limits

its usefulness for evaluating heuristic solutions and may provide less informative dual prices for guiding

integer search. To address this issue, we further develop a DW formulation in Section 4.1. Its LP relaxation

is solved to optimality through column generation using the logical and physical path pricing algorithms

developed in Section 4.2.

4.1. Dantzig–Wolfe Formulation

The DW formulation represents demand blocking sequences and block routing decisions using complete

logical and physical paths, respectively. For each demand k ∈ K, let Pk denote the set of all elementary

logical paths from ok to dk using compatible blocks in Bk. Similarly, for each block b ∈ B, let Rb contain

all elementary physical paths from ib to jb satisfying the length budget Db, withRb = ∅ if f b < f b
.

To represent demand assignments and block routing using complete paths, we introduce binary vari-

ables xD
kp and xB

br to indicate whether demand k selects logical path p and block b follows physical path

r, respectively, while continuous variables vDkp and vBbr denote the corresponding freight volumes. Let ιbp

equal one if logical path p uses block b, and δar equal one if physical path r uses arc a, and zero otherwise.

The coefficient ηip = 1{i ̸= ok}
∑

b∈B+
k
(i) ιbp indicates whether freight is reclassified at yard i along logical

path p. We preserve the cost structure of ARC by expressing its volume-dependent terms at the path level.

Specifically, the logical path unit cost cDkp =
∑

i∈Y c
H
i ηip − cUk accounts for handling costs at intermediate

yards and avoided unserved demand costs, while the physical path unit cost cBbr = cIb+
∑

a∈A c
T
baδar includes

interchange and transportation costs.

The DW formulation is given in Eq. (2). Objective (2a) minimizes the same total cost of block open-

ing, transportation, handling, interchange, and unserved demand in terms of path variables. Since logical

and physical paths are predefined in Pk and Rb, path connectivity, elementarity, and physical path length

limits are incorporated directly into these path sets. Eq. (2b) ensures that the freight volume assigned to

each block matches the volume transported along its physical route. For resource capacities, Eqs. (2c)–(2e)

limit aggregate physical link volumes, yard handling volumes, and classification track usage, respectively.

Eqs. (2f)–(2g) connect path selections with their corresponding freight volumes, imposing demand quantity

bounds on logical paths and minimum and maximum load bounds on physical paths. Eqs. (2h)–(2i) restrict

each demand to at most one logical path and each block to at most one physical path, while Eq. (2j) ensures

that selected logical paths use only open blocks. Finally, Eqs. (2k)–(2l) specify the variable domains. We

obtain the LP relaxation by replacing the binary domains with xD
kp, x

B
br ≥ 0. We denote the optimal objective

values of DW and its LP relaxation by z∗dw and zlpdw, respectively.

THEOREM 1. The DW formulation (2) is an exact mixed-integer Dantzig–Wolfe reformulation of the

ARC formulation (1), so z∗arc = z∗dw. Moreover, every feasible solution of the DW LP relaxation can be



Xu, You, and Mo: DG-CGM for Integrated Railroad Blocking
Article submitted to Transportation Science 11

mapped to a feasible solution of the ARC LP relaxation with the same objective value, implying zlparc ≤ z
lp
dw.

There exist instances for which this inequality is strict.

Proof. See Section EC.1.1 of the electronic companion. □

min
∑
k∈K

qkc
U
k +

∑
k∈K

∑
p

cDkpv
D
kp +

∑
b∈B

∑
r

(cOb x
B
br + cBbrv

B
br)

(2a)

s.t.
∑
r

vBbr−
∑
k∈Kb

∑
p

ιbpv
D
kp = 0, ∀b∈B,

}
Balance

(2b)

∑
b∈B

∑
r

(∑
a∈Ae

δar

)
vBbr ≤Ce, ∀e∈ E ,∑

k∈K

∑
p

ηipv
D
kp ≤Hi, ∀i∈Y,∑

b∈B:ib=i

κb

∑
r

xB
br ≤ Ti, ∀i∈Y,


Capacity

(2c)

(2d)

(2e)

0≤ vDkp ≤ qkxD
kp, ∀k ∈K, p∈Pk,

f
b
xB
br ≤ vBbr ≤ f bx

B
br, ∀b∈B, r ∈Rb,

}
Volume

(2f)
(2g)∑

p

xD
kp ≤ 1, ∀k ∈K,∑

r

xB
br ≤ 1, ∀b∈B,

 Convexity

(2h)

(2i)

∑
p

ιbpx
D
kp ≤

∑
r

xB
br, ∀k ∈K, b∈Bk,

}
Activation

(2j)

xD
kp, x

B
br ∈ {0,1},

vDkp, v
B
br ≥ 0.

}
Domains

(2k)
(2l)

4.2. Column Generation

The DW formulation contains a large number of logical and physical path variables, making direct solu-

tion of its LP relaxation impractical. We therefore use column generation, which maintains an RMP and

iteratively adds improving columns identified by pricing subproblems. Specifically, Section 4.2.1 develops

logical pricing to generate blocking sequences for each demand, while Section 4.2.2 presents physical pric-

ing to identify feasible routes for each block. Both procedures use the dual prices of the RMP to identify

improving columns, which are then added for reoptimization.

When both pricing procedures are solved exactly and no improving columns remain, the resulting DW LP

optimum provides a valid lower bound for the IRBP. When heuristic pricing is used, the generated columns

can still provide promising paths for improving integer solutions, although the resulting LP solution does

not certify a valid lower bound. This distinction allows column generation to support both exact bound

computation and the heuristic search developed in Section 5.
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Let σb, µe, µH
i , µT

i , πk, πb, and γkb denote the dual variables associated with Eqs. (2b), (2c),

(2d), (2e), (2h), (2i), and (2j), respectively. The block-balance duals σb are unrestricted in sign, while

µe, µ
H
i , µ

T
i , πk, πb, γkb ≤ 0.

4.2.1. Logical Path Generation. For each demand k ∈K and logical path p∈Pk, define

c̄D,x
kp =−πk−

∑
b∈Bk

γkbιbp, c̄D,v
kp = cDkp +

∑
b∈Bk

σbιbp−
∑
i∈Y

µH
i ηip. (3)

For a path included in the RMP, let λkp ≤ 0 denote the dual variable associated with vDkp − qkxD
kp ≤ 0 in

Eq. (2f). Using the coefficients in Eq. (3), the reduced costs of the corresponding selection and volume

variables are
rc(xD

kp) = c̄D,x
kp + qkλkp,

rc(vDkp) = c̄D,v
kp −λkp.

(4)

Conventional pricing uses the reduced costs in Eq. (4) to identify improving logical paths. Labeling

algorithms typically extend partial paths while accumulating reduced costs, allowing unpromising labels to

be discarded before reaching the destination. However, applying this approach directly to our formulation is

challenging because each logical path introduces both a selection variable and a volume variable, linked by

vDkp ≤ qkxD
kp, whose reduced costs depend on the path-specific dual variable λkp. Since this constraint has a

zero right-hand side and involves no existing RMP variables, λkp ≤ 0 can be chosen without affecting the

current RMP dual objective or existing reduced costs. Thus, conventional pricing would require finding a

suitable λkp for each candidate path such that the reduced costs of both variables are nonnegative whenever

possible. This path-dependent choice complicates the incremental evaluation of reduced costs and the design

of dominance rules in labeling algorithms.

To address this difficulty, we define the JRC to combine the reduced costs of the selection and volume

variables without depending on λkp. Specifically, the JRC of logical path p is defined as

c̃Dkp = c̄D,x
kp + qkc̄

D,v
kp . (5)

By Proposition 4, a nonnegative minimum JRC in Eq. (5) over all feasible logical paths for every demand

certifies that no improving logical columns remain. Moreover, the JRC can be decomposed into an initial

cost c̃D,init
k =−qkcUk −πk and a block extension cost

c̃Dkb = qkσb− γkb + qk1{ib ̸= ok}(cHib −µ
H
ib
). (6)

Using Eq. (6), the JRC of logical path p is c̃Dkp = c̃D,init
k +

∑
b∈Bk

ιbpc̃
D
kb.

We use a labeling algorithm to find minimum-JRC elementary logical paths. For each demand k, a

label L = (i, S, c) records the current yard i, visited yards S, and accumulated JRC c. We initialize L0 =

(ok,{ok}, c̃D,init
k ). For each compatible block b ∈ B+

k (i) with jb /∈ S, the label is extended to L′ = (jb, S ∪

{jb}, c+ c̃Dkb). A label reaching dk represents a complete logical path with JRC c. The dominance rule used

to reduce the labeling search space is given in Proposition 1.
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PROPOSITION 1. Fix demand k. For two feasible labels L1 = (i, S1, c1) and L2 = (i, S2, c2) at the same

yard, write L1 ⪯ L2 if S1 ⊆ S2 and c1 ≤ c2. Then L1 dominates L2, and discarding L2 while retaining L1

preserves the minimum JRC over all feasible logical paths for demand k.

Proof. See Section EC.1.2 of the electronic companion. □

4.2.2. Physical Path Generation. For each block b∈B and physical path r ∈Rb, define

c̄B,x
br = cOb −πb−κbµ

T
ib
+
∑
k∈Kb

γkb,

c̄B,v
br = cBbr−σb−

∑
a∈A

µeaδar,
(7)

where ea denotes the unique physical link containing arc a. For each block b and physical path r ∈Rb, we

define its JRC at load t using the coefficients in Eq. (7) as

c̃Bbr(t) = c̄B,x
br + tc̄B,v

br . (8)

A selected physical path carries a load t ∈ [f
b
, f b]. Since the JRC in Eq. (8) is affine in t, Proposition 4

establishes that it suffices to consider the two endpoints t∈ {f
b
, f b}. If both endpoint JRCs are nonnegative,

path r cannot yield an improving column and need not be added to the RMP. Thus, physical pricing is

complete when this condition holds for every physical path.

Moreover, the JRC can be decomposed into an initial cost c̃B,init
bt = cOb + t(cIb − σb) − πb − κbµ

T
ib
+∑

k∈Kb
γkb and an arc extension cost

c̃Bbta = t
(
cTba−µea

)
, (9)

Using Eq. (9), the JRC of physical path r is c̃Bbr(t) = c̃B,init
bt +

∑
a∈A δarc̃

B
bta. Since the initial cost is inde-

pendent of r and the arc extension costs are proportional to t, both endpoint JRCs rank physical paths

identically. Thus, one search at f
b

identifies a minimum-JRC path for both loads, and its JRC at f b can be

evaluated directly.

We use a labeling algorithm to find minimum-JRC elementary physical paths. For each block b with f b ≥

f
b
, sinceRb = ∅ otherwise, a label L= (n,S,d, c) records the current node n, visited nodes S, accumulated

physical length d, and JRC c. We initialize L0 = (ib,{ib},0, c̃B,init
bt ). For each arc a ∈ A+(n) with ja /∈ S,

the label extends to L′ = (ja, S ∪{ja}, d+Da, c+ c̃Bbta), subject to the length budget Db. A label reaching

jb represents a complete physical path with JRC c. The dominance rule used to reduce the labeling search

space is given in Proposition 2.

PROPOSITION 2. Fix block b, load t, and the current dual prices. For feasible labelsL1 = (n,S1, d1, c1)

and L2 = (n,S2, d2, c2) at the same node, write L1 ⪯ L2 if S1 ⊆ S2, d1 ≤ d2, and c1 ≤ c2. Then L1 domi-

nates L2, and discarding L2 while retaining L1 preserves the minimum JRC over all feasible physical paths

for block b at load t.

Proof. See Section EC.1.2 of the electronic companion. □
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To further reduce the search space, we use shortest-path distances to identify labels that cannot satisfy

the physical path length budget. Let Db(n) denote the shortest directed length from node n to jb, ignoring

visited nodes, with value +∞ if unreachable. These distances are computed using Dijkstra’s algorithm on

the reversed physical graph. We discard a label when d+Db(n) > Db and reject an extension along arc

a when d+Da +Db(ja) > Db. Proposition 3 establishes the validity of these tests. Since the distances

depend only on the physical graph and destination, they can be reused across pricing calls.

PROPOSITION 3. The distances Db(n) are lower bounds on every feasible suffix length. The resulting

prefix and extension tests discard only prefixes without a feasible completion and preserve the minimum

physical path JRC.

Proof. See Section EC.1.3 of the electronic companion. □

4.2.3. Overall Procedure. Algorithm 1 solves the RMP to optimality and uses its dual prices for

exact logical and physical pricing. The returned sets P+ and R+ contain logical pairs (k, p) and physical

pairs (b, r) with negative JRC. Each path is added once with its selection and volume variables, local bounds,

and coupling coefficients. We reoptimize and repeat until both sets are empty.

Algorithm 1 Exact Column Generation
1: Initialize a feasible RMP.

2: repeat

3: Solve the RMP and obtain dual prices.

4: P+← EXACTLOGICALPRICING.

5: R+← EXACTPHYSICALPRICING.

6: Add the generated paths and associated constraints to the RMP.

7: until P+ = ∅ andR+ = ∅

8: return optimal DW LP solution and dual prices.

PROPOSITION 4. Suppose the RMP is solved to optimality. If c̃Dkp ≥ 0 for every demand k and logical

path p∈Pk, and c̃Bbr(t)≥ 0 for every block b, physical path r ∈Rb, and t∈ {f
b
, f b}, then the RMP solution

is optimal for the DW LP relaxation, and its objective value provides a valid lower bound on z∗dw.

Proof. See Section EC.1.4 of the electronic companion. □

5. Dual-Guided Column-Generation-Based Matheuristic
DG-CGM improves feasible blocking plans by combining restricted MIP-based neighborhood search with

dual-guided path generation. The framework consists of five components, as illustrated in Figure 3. First,

construction builds an initial feasible plan and candidate physical paths (Section 5.1). The algorithm then

repeatedly applies destroy and local repair to reconsider demand assignments and associated physical paths

(Sections 5.2 and 5.3). When local improvement stagnates, path generation uses restricted DW LPs and
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logical pricing to introduce additional logical paths for repair (Section 5.4). If several rounds of path gener-

ation and local search yield no improvement, joint repair combines the accumulated paths across demand

groups and reallocates shared resources (Section 5.5). Both procedures return the search to destroy and local

repair. The process terminates when the time limit is reached or a complete cycle yields no new LP or MIP

solve and no new candidate path, returning the best feasible solution found.
Figure 3 The framework of DG-CGM.

Construction

Destroy Local repair Path generation Joint repair

Local
stagnation?

Round
stagnation? Terminate?

Return best feasible plan

No Yes

No

Yes

Yes

No

5.1. Construction

Let ξ denote a feasible blocking plan and z(ξ) its total cost. Algorithm 2 summarizes the construction

procedure, starting from the all-unserved feasible plan. Each iteration processes an ordered sequence G of

demand sets, beginning with individual demands and then considering groups of demands for freight con-

solidation (Section 5.1.1). For each demand set Kcand ⊆K, CANDIDATES generates candidate assignments

specifying the demands to adjust, their logical paths, and target served volumes (Section 5.1.2). SERVE then

evaluates these candidates by determining feasible physical paths and actual served volumes, accepting the

lowest-cost feasible plan if it improves the incumbent (Section 5.1.3). The procedure first operates over

a restricted block domain and then expands the domain while retaining the constructed plan. Within each

domain, iterations continue until the relative cost improvement (z(ξ̄)− z(ξ))/max{1, |z(ξ̄)|} ≤ εC, where

ξ̄ is the incumbent at the start of the iteration and εC ∈ [0,1) is the stopping tolerance.

5.1.1. Demand Sets. Demand grouping allows multiple demands to be considered jointly, creating

opportunities for freight consolidation and satisfying minimum block loads. Accordingly, the sequence G
comprises four types of demand sets, ordered by increasing complexity of their logical paths. Singleton

sets {k} are processed first in input order. Direct groups collect, for each candidate block b, demands sat-

isfying ok = ib, dk = jb, and b ∈ Bk. One-hub groups collect demands that admit compatible logical paths

ok→ h→ dk through a common intermediate yard h, while two-hub groups consider a common ordered

pair of distinct intermediate yards (h1, h2), following ok→ h1→ h2→ dk.

To limit the number of two-hub groups, we rank yards by sh =
∑

k:h∈{ok,dk}
qkc

U
k , which measures the

total potential unserved demand cost associated with yard h. We form all ordered pairs of distinct yards
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Algorithm 2 Construction
1: ξ← all-unserved feasible plan.
2: for all block domains, from restricted to expanded do
3: repeat
4: ξ̄← ξ.
5: Form the ordered demand sets G. ▷ Section 5.1.1
6: for all Kcand in G, in order do
7: CANDIDATES: generate candidate assignments for Kcand. ▷ Section 5.1.2
8: SERVE: evaluate candidate assignments and update ξ. ▷ Section 5.1.3
9: end for

10: until (z(ξ̄)− z(ξ))/max{1, |z(ξ̄)|} ≤ εC
11: end for
12: return ξ.

among the Nhub highest-ranked yards, then add pairs (ib, jb) from available blocks whose endpoints match

the origin and destination of at least one demand, excluding pairs already considered.

5.1.2. Candidate Assignments. During construction, we use the estimated unit cost (EUC) to rank

candidate logical paths. We first define the block-level EUC cCkb, which estimates the cost per unit of demand

k transported on block b. Let ȳb denote the value of yb in the current solution, and let rrefb be the current

physical path of an open block or a retained physical path with minimum unit cost for an unopened block.

The block-level EUC is

cCkb = cB
b,rref

b
+(1− ȳb)

cOb
qk

+1{ib ̸= ok}cHib . (10)

The three terms account for transportation and interchange costs, the opening cost of an unopened block

allocated over qk, and intermediate-yard handling costs, respectively. Since a logical path consists of a

sequence of blocks, we define its EUC as ĉk(p) =
∑

b∈p c
C
kb, which estimates the unit cost of serving demand

k along path p.

For each demand setKcand, CANDIDATES generates assignments of the form {(k, pk, qk) : k ∈U}, where

∅ ̸= U ⊆ Kcand contains the demands to be reassigned, pk ∈ Pk is the proposed logical path, and qk is

the target served volume. For a singleton set Kcand = {k}, we enumerate compatible direct and one-hub

paths, followed by minimum-EUC path searches over all available compatible blocks and, separately, over

currently open blocks. For direct groups, each demand uses the designated block, while one-hub and two-

hub groups follow their prescribed yard sequences using compatible blocks. Physical path candidates are

generated as needed through shortest-path searches (see Section EC.2.1).

WhenKcand is a multi-demand group, we construct candidate assignments by ranking demands according

to the estimated unit savings of their proposed logical paths. Let v̄k denote the incumbent served volume

and c̄k the unit variable cost of its incumbent logical and physical paths, excluding block opening costs,

with c̄k = 0 for unserved demands. The estimated unit saving is

∆k =
v̄kc̄k +(qk− v̄k)cUk

qk
− ĉk(pk). (11)
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We order the demands k1, . . . , k|Kcand| by decreasing ∆k and consider progressively larger subsets

{k1, k2}, . . . ,{k1, . . . , k|Kcand|}, each with its proposed logical paths and target volumes. For each subset U ,

replacing the incumbent assignments with the proposed changes gives the block loads f tar
b (U) = fb(ξ)−∑

k∈U ιbp̄k v̄k +
∑

k∈U ιbpkqk, where p̄k is the incumbent logical path of demand k. To satisfy minimum

block loads, we iteratively update

U ←{k ∈U : f tar
b (U) = 0 or f tar

b (U)≥ f
b
, ∀b∈ p̄k ∪ pk}. (12)

We repeat Eq. (12) until U remains unchanged. Each nonempty resulting subset forms a candidate assign-

ment for SERVE, which evaluates its feasibility and total cost.

5.1.3. Assignment Evaluation. For each candidate assignment {(k, pk, qk) : k ∈ U}, SERVE fixes the

proposed logical paths of demands in U and retains the incumbent assignments of all other demands. It

also retains the incumbent physical paths of open blocks, selects feasible physical paths for newly opened

blocks, and scales the target served volumes qk by a common factor θ ∈ [0,1]. Given these path choices, the

block load bounds and resource capacities determine a feasible interval [θ−, θ+] for θ. Since the total cost is

affine in θ, taking the form z0 + θz1, the minimum-cost served volumes are

vk = θ⋆qk (k ∈U), θ⋆ =

{
θ+, z1 < 0,

θ−, z1 ≥ 0.
(13)

Using Eq. (13), SERVE evaluates the feasible plans obtained from all candidate assignments and accepts the

lowest-cost plan only if it improves the incumbent. The resulting blocking plan provides the starting point

for destroy and local repair, described next.

5.2. Destroy

Destroy selects a group of demands Kfree ⊆K for local repair, which jointly reoptimizes their logical paths

and served volumes while keeping all other demand assignments fixed. The selection proceeds in two steps.

First, we choose a reference demand k0. During the first outer cycle, successive calls select k0 in decreasing

order of its current unserved demand cost (qk − v̄k)cUk , while subsequent cycles select k0 uniformly at

random. Second, we rank demands according to their relationships with k0 and their unserved demand costs

using the priority score

ψk = ω01{k= k0}+ω11{ok = ok0 or dk = dk0}+ω2mk +
(qk− v̄k)cUk

max{1,maxj∈K(qj − v̄j)cUj }
, (14)

where mk =
∑

b∈Bk
x̄D
kb1{ib = ok0 or jb = dk0} counts the blocks on the incumbent logical path of demand

k that depart from the reference origin or arrive at the reference destination. The weights ω0, ω1, ω2 set the

selection priorities.

Given the current group size limitND ≤ |K|, we select theND demands with the highest scores in Eq. (14)

to form Kfree. Ties are broken by candidate order, which is randomized in subsequent outer cycles. The

group size schedule and priority weights are specified in Section EC.2.2 and Table EC.1.
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5.3. Local Repair

Local repair constructs a restricted MIP of the DW formulation (2) to jointly reoptimize the logical paths

and served volumes of demands in Kfree, together with the physical paths of affected blocks. Assignments

of other demands remain fixed.

For each demand k ∈ Kfree, let P̃k ⊆ Pk denote its candidate logical path set, including the incumbent

path, if any, paths retained from path generation and joint repair, and low-EUC paths generated using the

procedures in Section 5.1.2. After consecutive calls without improvement, we increase the group size to

allow more joint reassignments. We also consider bridge paths connecting chains of open blocks through

additional blocks, allowing released demands to reuse existing services. The corresponding settings are

given in Section EC.2.2.

The blocks whose physical paths may change are given by Bfree =
⋃

k∈Kfree

⋃
p∈P̃k
{b : ιbp = 1}. Let

Kfixed = K \ Kfree and Bfixed = B \ Bfree denote the remaining demands and blocks. For each block b, let

R̃b ⊆Rb denote its retained physical path set. The path sets of fixed demands and blocks contain only their

incumbent paths, when present. We substitute the fixed decisions into the DW block balance and resource

capacity constraints to obtain∑
r∈R̃b

vBbr−
∑

k∈Kfree

p∈P̃k

ιbpv
D
kp =

∑
k∈Kfixed

p∈P̃k

ιbpv̄
D
kp, b∈Bfree,

∑
b∈Bfree

r∈R̃b

(∑
a∈Ae

δar

)
vBbr ≤Ce−

∑
b∈Bfixed

r∈R̃b

(∑
a∈Ae

δar

)
v̄Bbr, e∈ E ,

∑
k∈Kfree

p∈P̃k

ηipv
D
kp ≤Hi−

∑
k∈Kfixed

p∈P̃k

ηipv̄
D
kp, i∈Y,

∑
b∈Bfree
ib=i

κb

∑
r∈R̃b

xB
br ≤ Ti−

∑
b∈Bfixed

ib=i

κb

∑
r∈R̃b

x̄B
br, i∈Y.

(15)

In Eq. (15), the physical path variables of each free block account for its full load, including contributions

from fixed demands. All other applicable DW constraints, including service activation, remain enforced

after substitution.

5.4. Path Generation

Path generation identifies additional logical paths for local repair and joint repair using dual information

from restricted DW LPs. It follows the column generation framework in Section 4.2, with heuristic logical

pricing and a restricted search graph. All demands remain free in the RMP, while the retained physical path

sets remain unchanged.

5.4.1. Heuristic Logical Path Pricing. Path generation focuses on logical paths because additional

physical paths offer limited benefit in our instances. Transportation costs are proportional to physical dis-

tance, making shortest physical paths preferable, while physical link capacities rarely become binding.
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Nevertheless, some physical paths may be useful when capacity constraints become binding. In this case,

we generate them during joint repair, restricting the search to open blocks to limit computational cost.

We initialize the RMP with at most NLP logical paths per demand, retaining the incumbent path, if

any, and selecting the remaining paths in increasing EUC order, as defined in Section 5.1.2. All applicable

coupling constraints, including service activation, are enforced. To improve pricing efficiency, we modify

the labeling algorithm in Section 4.2.1 in two ways. First, for labels L1 = (i, S1, c1) and L2 = (i, S2, c2) at

the same yard, we use the heuristic dominance rule

L1 ⪯H L2 ⇐⇒ c1 ≤ c2. (16)

Unlike Proposition 1, Eq. (16) omits the visited-set inclusion condition S1 ⊆ S2. We still maintain visited-

yard sets to ensure elementary paths, but the heuristic dominance rule no longer guarantees finding a

minimum-JRC path.

Second, we restrict the logical pricing graph by selecting successor yards based on the retained physical

paths. For demand k, define

dk(i, j) = min
b∈B+

k
(i): jb=j

r∈R̃b

∑
a∈r

Da, (17)

with dk(i, j) = +∞ if no eligible block and physical path exist. At each yard i, we select up to Nnbr

successor yards with the smallest distances in Eq. (17), retaining all compatible blocks with physical path

candidates leading to these yards. Compatible direct blocks and blocks on the incumbent logical path are

also retained.

After each optimal RMP solve, heuristic pricing uses the current dual prices to identify logical paths with

negative JRC, as defined in Eq. (5). We add up to Nbatch new paths across all demands, together with their

selection and volume variables and the corresponding service-activation constraints, before reoptimizing

the RMP. The process terminates when no new paths are found, LP improvement stagnates, or the com-

putational limits are reached. Because pricing is heuristic, termination does not certify optimality of the

complete DW relaxation.

5.4.2. Logical Path Selection. After the final RMP solve, we consider the newly generated logical paths

represented in the RMP that were absent from the shared path pool before the search. For each demand, we

retain up to Nadd paths with the lowest JRCs based on the final dual prices.

If computational limits terminate the search before convergence, we select paths using three criteria: JRC,

resource diversity, and EUC. For each demand k, we first retain up to NJRC paths with the lowest JRCs. Let

Ck denote the newly generated paths in the final RMP and Cselk ⊆ Ck the paths selected so far. For each path

p, let Ures(p) contain its blocks, departure yards, and physical links along their reference physical paths. We

measure resource diversity using the Jaccard distance (Jaccard 1912) and select each additional path by

dres(p, p
′) = 1− |Ures(p)∩Ures(p

′)|
|Ures(p)∪Ures(p′)|

,

p∗ ∈ arg max
p∈Ck\Csel

k

min
p′∈Csel

k

dres(p, p
′),

(18)
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with lower JRC breaking ties. Using Eq. (18), we retain up to Ndiv such paths, followed by up to NEUC

additional paths in increasing EUC order, where NJRC +Ndiv +NEUC =Nadd. The EUC search considers

compatible logical paths supported by retained physical paths, including those absent from the RMP. All

selected paths are added to the shared pool without removing existing paths, allowing subsequent local

repair and joint repair calls to use them.

5.5. Joint Repair

Joint repair combines logical and physical paths accumulated across different demand groups by jointly

reoptimizing a larger set of demands. Before each call, we expand the retained path sets using the procedures

of local repair, including bridge paths, and generate additional physical paths for open blocks. We also

consider partner chains, which allow demands to jointly support the minimum load of an unopened block

(Section EC.2.3). To control the MIP size, at most NJ demands are released. When |K| ≤NJ, we simply

set Kfree =K.

For larger instances, we select demands based on their unserved demand costs, potential EUC savings,

and contributions to current block opening costs. Let p̄k denote the incumbent logical path of demand k,

with p̄k = ∅ if unserved. For each demand with at least one retained logical path, we define

ρk = (qk− v̄k)cUk + v̄kmax

{
0, ĉk(p̄k)−min

p∈P̃k

ĉk(p)

}
+
∑
b∈p̄k

cOb v̄k
fb(ξ)

, (19)

where the last two terms are zero for unserved demands.

We construct five types of candidate groups. The first three follow the grouping principles of destroy

and construction, comprising current users of a common open block, demands whose minimum-EUC paths

share a block with sufficient combined volume to meet its minimum load, and singleton demands with

retained paths. The remaining two target shared resource constraints. One groups demands whose incum-

bent blocks use a common saturated physical link, while the other pairs a demand whose direct block is

prevented by insufficient classification tracks with users of an open block whose closure could release the

required tracks. For the latter, we consider the highest-scoring eligible demand at each yard and the blocks

whose closure would provide sufficient track capacity.

To avoid leaving insufficient loads on blocks used by fixed demands, we complete each candidate group

using a minimum-load closure. For a demand set U , define f−
b (U) = fb(ξ) −

∑
k∈U∩Kb

gkb(ξ). Starting

from U (0) =Kcand, we iteratively update

U (j+1) =U (j) ∪
⋃
b∈B:

0<f−
b

(U(j))<f
b

{k ∈Kb : gkb(ξ)> 0} (20)

We repeat Eq. (20) until the set remains unchanged. Using the demand scores in Eq. (19), we rank the

resulting groups by decreasing average score ρ(Kcand) = |Kcand|−1
∑

k∈Kcand
ρk, breaking ties by total score

and demand index order. Starting with Kfree = ∅, we process groups in this order and add the closure of

Kfree ∪Kcand whenever its size does not exceed NJ; otherwise, the group is skipped.
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Given Kfree, the joint MIP uses all retained logical paths of the released demands and physical paths of

their associated blocks. Assignments outside the selected group remain fixed, and the model construction

and solution procedures follow local repair in Section 5.3. When the model size permits, we additionally

allow at most one released demand to select a logical path outside the retained pool through the compact

constraints in Eqs. (1b)–(1h), using compatible blocks with retained physical paths. The free block set is

expanded accordingly, and any newly selected path is retained if it improves the solution. Section EC.2.4

describes this extension. After the joint MIP solve, the algorithm returns to destroy and local repair.

6. Computational Experiments
Section 6.1 describes the common experimental setup. On the small generated instances (Section 6.2), we

compare solution quality and computational effort against exact benchmarks, evaluate the search compo-

nents, and assess the robustness of DG-CGM. Section 6.3 uses larger generated instances to study how

performance varies with the number of demands and network size. On the large RAS instances (Section 6.4),

we evaluate the search components at full scale and examine how demand volume, demand patterns, and

resource limits affect service, consolidation, and resource use.

6.1. Experimental Setup

6.1.1. Implementation and Computing Environment. All methods are implemented in C++17,

compiled with Microsoft Visual C++ 14.44 (Visual Studio 2022), and run on a Windows workstation

equipped with AMD EPYC 9654 processors at 2.4 GHz and 1.5 TiB of RAM. Gurobi 12.0.3 (Gurobi Opti-

mization, LLC 2026) solves the LPs and MIPs through the RouteOpt interface (You and Yang 2026), and

the local and joint MIPs of DG-CGM use IntegralityFocus=1. The ARC LP, ARC MIP, and DW LP

benchmarks use eight solver threads per run, with eight pricing workers for the DW LP. Each benchmark

run has a two-hour time limit. Unless stated otherwise, DG-CGM uses the default controls in Table EC.1

and, on generated instances, one solver thread, random seed 1, and a 60-second time limit, including con-

struction. The six RAS scenarios use eight solver threads and a two-hour time limit, including construction,

and each scenario is run with random seeds 1, 2, and 3. All runs share the 384 logical processors of the

workstation, and a new run starts only when at most 185 are busy. The ARC LP and DW LP times in Table 2

are measured separately, with at most four concurrent runs. All runtimes are reported as wall-clock times.

The code, the generated instances, the configuration of every experiment, and the results of all runs are

publicly available at https://github.com/Zhengzhong-You/IRBP.

ARC LP relaxes the binary variables of the ARC formulation, while ARC MIP uses the default Gurobi

cut settings. We solve the LP relaxation of the DW formulation (2) using logical and physical pricing, as

described in Section 4.2. Service-activation constraints (2j) are separated as needed, with zero dual variables

assigned to constraints not yet added. All three exact benchmarks use the original instance data and do not

receive solutions from DG-CGM.

https://github.com/Zhengzhong-You/IRBP
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6.1.2. Instance Sets. For the operational study, we use data from the 2026 RAS Problem Solving

Competition (INFORMS Railway Applications Section 2026). The L1, L2, and L3 data sets share the same

physical network with 47,193 nodes, 106,570 directed arcs, and identical resource capacities. L1 and L2

contain the same 2,044 demand records up to identifiers and ordering, so we select L1 and L3. L3 contains

2,427 demands, 18.7% more than L1, and 0.3% more total requested volume, so L1 and L3 have nearly the

same volume but different demand patterns. For each data set, we apply demand multipliers α∈ {0.5,1,2}

to every qk and the corresponding block volume upper bounds derived from these quantities. Minimum

block loads, resource capacities, and cost coefficients remain unchanged. Table 1 summarizes the instances.

The generated instances reproduce the regional connectivity, degree distribution, travel distances, yard

operating characteristics, freight composition, and demand volume distributions of the RAS data. Sec-

tion EC.3 of the electronic companion describes the generation procedure. We generate 50 instances with 12

demands at each network size |N | ∈ {50,100,150}, denoted as N50, N100, and N150. To examine larger

instances, we generate four additional sets following the same procedure and retain for each set the first ten

valid instances.
Table 1 Instance sets and their roles in the numerical study.

Source Set #Inst. |N | |Y| |A| |K| Role

Generated

N50 50 50 10.4 153.1 12 Mechanisms, solution quality,
and computational effortN100 50 100 18.3 318.4 12

N150 50 150 27.9 487.3 12

N150K24 10 150 27.4 485.0 24

Scalability
N150K48 10 150 27.3 487.0 48
N300K48 10 300 55.0 985.0 48
N600K48 10 600 108.9 1,997.0 48

RAS

L1×0.5 1 47,193 1,477 106,570 2,044 Low demand
L1×1 1 47,193 1,477 106,570 2,044 Base demand
L1×2 1 47,193 1,477 106,570 2,044 High demand

L3×0.5 1 47,193 1,477 106,570 2,427 Low demand
L3×1 1 47,193 1,477 106,570 2,427 Base demand
L3×2 1 47,193 1,477 106,570 2,427 High demand

Note. For generated instances, |Y| and |A| are arithmetic means over the instances of each set.

6.1.3. Performance Measures. For each of the 150 small generated instances, we compare the

cost z of a feasible plan with a common reference cost zref , equal to the optimal cost when ARC MIP

proves optimality and otherwise to the lowest feasible cost obtained by any ARC MIP or DG-CGM run

in Section 6.2. The relative difference (z − zref)/zref is an optimality gap when the reference is proven

optimal and otherwise measures the deviation from the reference. For a valid lower bound z, the bound

gap is (z − z)/z. We denote the cost immediately after construction, before any local repair, by z0, and

the final cost by zH. The improvement over construction is (z0 − zH)/z0. The volume-weighted service
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ratio is
∑

k vk/
∑

k qk. Across instances, we report arithmetic means for costs, gaps, improvements, and

service ratios, and geometric means for positive runtimes unless stated otherwise. For paired comparisons

on the same instances, we report Win/Tie/Loss counts and, where indicated, the p-value from a two-sided

Wilcoxon signed-rank test (Wilcoxon 1945) applied to paired cost differences. The test uses the signs and

ranks of these differences to assess whether their distribution is symmetric about zero. Smaller p-values

indicate stronger statistical evidence of a cost difference.

6.2. Small Generated Instances

6.2.1. Bound Strength and DG-CGM Performance. Table 2 compares the lower bounds and

computation times of the ARC and DW formulations. Across all 150 instances, the mean lower-bound gaps

relative to zref are 67.5% for ARC and 3.1% for DW, while the corresponding geometric mean computation

times are 19.3 and 1.3 seconds. The substantially tighter DW bounds and shorter computation times support

our use of the DW formulation to identify promising logical paths in Section 5.

Table 2 LP bounds and computation times for the ARC and DW formulations.

ARC LP DW LP ARC MIP

Set zref /106 zarc/106 Gap/% Time/s zdw/106 Gap/% Time/s Time/s #Opt.

N50 17.2 4.9 69.8 2.1 16.8 2.6 0.1 52.1 50
N100 17.5 6.3 64.6 23.9 16.9 3.4 1.5 2,790.1 32
N150 17.3 5.5 68.0 146.7 16.7 3.3 10.0 6,365.9 9
All – – 67.5 19.3 – 3.1 1.3 974.2 91

Table 3 Feasible solution quality and runtime of ARC MIP and DG-CGM.

Set Method z/106 Max. gap/% Mean gap/% #Opt.
Mean

improvement/% Win/Tie/Loss Time/s

N50 ARC MIP 17.2 0.0 0.0 50 – – 52.1
DG-CGM 17.2 2.9 0.1 48 −0.1 0/48/2 36.7

N100 ARC MIP 17.5 1.8 0.1 32 – – 2,790.1
DG-CGM 17.5 1.5 < 0.1 32 0.0 4/44/2 59.5

N150 ARC MIP 19.6 67.9 13.5 9 – – 6,365.9
DG-CGM 17.3 5.8 0.3 9 10.2 39/11/0 60.1

All ARC MIP – 67.9 4.5 91 – – 974.2
DG-CGM – 5.8 0.1 89 3.4 43/103/4 50.8

Note. One N100 instance is excluded from the proven-optimality count because a lower-cost feasible solution was found than
Gurobi’s reported optimum.

Table 3 compares the best feasible solutions obtained by ARC MIP and DG-CGM, with gaps relative to

zref . Among the 91 instances with proven optima, DG-CGM achieves the optimal cost on 89. Across all

150 instances, DG-CGM lowers the ARC MIP cost by 3.4% on average while using 5.2% of its geometric

mean runtime. DG-CGM obtains lower costs on 43 instances, by up to 40.4%, and higher costs on four, by

at most 2.9%. These four instances belong to N50 and N100, where exact optimization is most effective;

on N50, ARC MIP proves optimality for every instance with a geometric mean runtime of 52.1 seconds.
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The two optima missed by DG-CGM are both on N50. It reaches one with a 300-second time limit but

remains 0.7% above the other across all runs and time limits, suggesting that this optimal plan uses a path

outside the candidate pools of DG-CGM. The advantage of DG-CGM grows with instance size. On the

largest set, N150, DG-CGM lowers the ARC MIP cost by 10.2% on average while using 0.9% of the ARC

MIP runtime, with 39 wins, 11 ties, and no losses.

Figure 4 shows the solution trajectories of DG-CGM and ARC MIP for the three instance sets. Most of

the cost reduction by DG-CGM occurs within the first 0.1 seconds, with further improvements as the search

continues. After one second, the mean excess over the final DG-CGM cost is 0.7%, 3.0%, and 2.7% for

N50, N100, and N150, respectively. On N150, this one-second excess is smaller than the 13.1% excess of

ARC MIP at the two-hour time limit. Thus, DG-CGM obtains solutions close to its final cost within one

second.
Figure 4 Mean incumbent cost relative to the final DG-CGM cost over time.
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6.2.2. Contributions of the Search Components. We compare the complete DG-CGM with

four variants, Construction only, Without path generation, Without local repair, and Without joint repair.

The Construction only variant terminates after construction. Each of the other three variants skips the corre-

sponding component whenever it would otherwise be invoked. Table 4 reports the same measures as Table 3,

along with Win/Tie/Loss counts comparing DG-CGM with each variant.

Table 4 Component comparisons on the 150 small generated instances with a 60-second time limit.

Variant z/106 Max. gap/% Mean gap/% #Opt. Time/s
DG-CGM

Win/Tie/Loss

Construction only 19.1 174.0 12.6 12 < 0.1 135/15/0
Without path generation 17.4 5.8 0.2 85 45.6 10/135/5
Without local repair 17.3 5.8 0.1 89 46.6 6/139/5
Without joint repair 17.4 9.0 0.4 71 11.7 42/107/1
DG-CGM 17.3 5.8 0.1 89 50.8 –

Joint repair has the largest effect. With 12 demands, each joint repair call releases all demands and

solves the all-demand restricted MIP over the accumulated paths (Section 5.5). Compared with the variant

without joint repair, DG-CGM obtains lower costs on 42 instances and higher costs on one, while the
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variant matches 71 proven optima compared with 89 for DG-CGM (Wilcoxon p < 0.001). The effects of

path generation and local repair depend on the time limit. With a 60-second time limit, the variant without

path generation still matches 85 proven optima, with DG-CGM obtaining lower costs on ten instances and

higher costs on five (p= 0.45); without local repair, the costs coincide on 139 instances (p= 0.58).

We then repeat the comparison with time limits of 10, 30, 120, and 300 seconds, keeping all other settings

fixed. Figure 5 reports the mean gap. Removing path generation increases the mean gap at every time limit,

from 0.60% to 0.95% at 10 seconds and from 0.04% to 0.15% at 300 seconds, with little further improve-

ment after 120 seconds. Without joint repair, the search terminates after two consecutive pricing rounds

without improvement; with a 300-second time limit, 136 of the 150 runs terminate early. Consequently, the

mean gap of this variant remains between 0.45% and 0.48% from 30 seconds onward, whereas DG-CGM

continues to improve, reaching 0.04% at 300 seconds. Local repair drives early improvement. With a 10-

second time limit, removing it increases the mean gap from 0.60% to 2.44%. From 60 seconds onward, this

variant performs about as well as DG-CGM; with 300 seconds, it obtains lower costs on eight instances

and higher costs on one, with a mean gap of 0.01% instead of 0.04% (Wilcoxon p= 0.01). Skipping local

repair leaves more time for path generation and joint repair, which this variant invokes on average 54.6

and 27.2 times per run with 300 seconds, compared with 42.6 and 20.9 times for DG-CGM. Because each

joint repair call already releases all 12 demands, the neighborhoods of local repair, with eight or twelve

released demands, largely overlap with those of joint repair when the time limit allows both to be applied.

Local repair is therefore most useful under short time limits.

Path generation is not the only source of new paths in DG-CGM. Joint repair also adds candidate paths

before and during each call (Section 5.5), which can substitute for paths supplied by path generation. To

isolate the contribution of path generation, we restrict joint repair to incumbent paths and paths already

in the shared pool, excluding its candidate supplements and arc options while keeping all other settings

unchanged. Under this restriction, path generation becomes decisive. Removing it increases cost by 2.5%

on average and by up to 53.7%, with DG-CGM obtaining lower costs on 56 instances and higher costs on

none (Wilcoxon p < 0.001); the restricted variant matches 71 proven optima with path generation and 52

without. Without path generation, the restricted search terminates after 0.4 seconds (geometric mean) when

local search stagnates, whereas with path generation it recovers 97% of the improvement achieved by the

complete DG-CGM over construction.

6.2.3. Value of Dual Guidance. We compare three path generation procedures on all 150 instances.

Each starts from the same plan immediately after construction, before local repair, with identical retained

logical and physical paths. DG-CGM path generation follows the procedure in Section 5.4.

The two shortest-path procedures independently search the full compatible logical graph supported by

the retained physical paths. Transportation cost assigns block b the weight cB
b,rref

b
− cIb, equal to the sum
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Figure 5 Mean gap of DG-CGM and its variants under different time limits.
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of transportation costs along its reference physical path. EUC uses the block weights in Eq. (10), which

also account for interchange cost, the allocated opening cost of an unopened block, and handling cost at

intermediate yards. Both procedures enumerate elementary logical paths in increasing order of total weight.

All three procedures use the same reference physical paths and fixed physical path pool, retain the initial

logical paths, and may add at most twelve new paths per demand.

Each procedure is allotted five seconds for generation, followed by five seconds for integer repair, includ-

ing model construction, optimization, and validation. Each repair releases all twelve demands and disables

the arc options of joint repair. Generation time includes RMP preparation, restricted DW LP solves, pricing,

and path selection where applicable. A diagnostic LP over each final pool, with a separate ten-second time

limit, measures the LP gain; every diagnostic LP is solved to optimality.

Table 5 compares the resulting feasible costs and paired integer and LP gains relative to EUC on the same

instance. Each paired gain is the cost reduction divided by the corresponding EUC cost, while Win/Tie/Loss

counts compare each procedure with EUC. Reported time, an arithmetic mean, includes generation and

integer repair but excludes diagnostic LP time.

Dual-guided paths yield the lowest repaired costs. DG-CGM path generation reduces the cost of the

construction plan by 4.9% on average, compared with 3.1% for EUC and 1.9% for transportation cost.

Relative to EUC paths on the same instance, dual-guided paths reduce the repaired cost by 1.9% on average,

with 51 wins, 84 ties, and 15 losses, whereas paths ranked by transportation cost, which ignores opening,

handling, and interchange costs, increase it by 1.6%. The average cost reductions on winning instances also

exceed the increases on losing instances, 6.4% versus 2.8%. The losses are consistent with differences in

how the two criteria account for opening costs. JRC evaluates a path using LP dual prices, which reflect

fractional block openings and can understate fixed opening costs, whereas EUC charges the full opening

cost of an unopened block to the demand that would open it. The LP objective over the final dual-guided

pool is also 3.2% lower on average than that over the EUC pool.
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Table 5 Logical paths and integer repair on the small generated instances.

Procedure
Cost/
106

Gain from
z0/%

Paired integer
gain/%

Paired LP
gain/% Win/Tie/Loss Time/s

DG-CGM 18.2 4.9 1.9 3.2 51/84/15 0.8
Transportation cost 18.8 1.9 −1.6 −1.9 4/113/33 0.1
EUC 18.6 3.1 0.0 0.0 – < 0.1

6.2.4. Robustness. We evaluate the robustness of DG-CGM across five random seeds and under

parameter variations based on Table EC.1, retaining the 60-second time limit. Across the five runs, the mean

gap ranges from 0.10% to 0.16%; each run matches 89 proven optima, and 143 of the 150 instances have

identical costs across all runs. The largest coefficient of variation in cost for an instance is 2.3%. Table EC.2

in the electronic companion reports the 14 control variants. Each variant changes the mean gap by at most

0.08 percentage points, comparable to the variation across runs, and leaves costs unchanged on 141 to 150

instances. Among the tested parameters, only the maximum number of pricing batches per path generation

invocation, IPG, shows statistically significant differences from the default setting at the 5% level. Reducing

IPG from its default value of 10 to 5 decreases the mean gap from 0.15% to 0.09%, while increasing it to

20 raises the gap to 0.17%, indicating the robustness of DG-CGM.

6.3. Larger Generated Instances

The 12-demand instances are small enough for ARC MIP to prove optimality on many of them, whereas

practical blocking problems involve many more demands. The four larger sets in Table 1 first increase the

number of demands on 150-node networks and then increase the network size while keeping 48 demands.

DG-CGM uses a 300-second time limit; we run the complete method with three different random seeds and

each component variant with the default seed. Since proven optima are unavailable, we evaluate solution

quality using the bound gap relative to the DW LP bound. We also run ARC LP and ARC MIP on all sets

except N600K48, whose ARC formulation contains about 2.3× 107 block–arc pairs.

Table 6 summarizes the results. Where the DW bound is available, the mean gap of DG-CGM to this

bound is 1.6% on N150K24 and at most 0.6% on N150K48 and N300K48, compared with 24.2% to 78.8%

for ARC MIP. ARC MIP returns higher-cost solutions on 28 of the 30 instances. The larger gap on N150K24

likely reflects the bound more than the quality of the feasible plans. On the 12-demand instances, the DW

bound alone lies 3.1% below the reference cost (Table 2), and with fewer demands per block, the LP relax-

ation has greater flexibility to satisfy minimum block loads through fractional block openings. DG-CGM

reaches these gaps within 300 seconds, whereas exact computations take considerably longer at this scale.

Within two hours, the DW LP returns a bound on 8 of the 10 N300K48 instances and on none of the

N600K48 instances, while ARC LP requires 5,985.4 seconds on N300K48 (geometric mean).

The three DG-CGM runs yield nearly identical costs, with a mean coefficient of variation of at most

0.06% in every set. The last three columns show that the contribution of joint repair increases with instance
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size. Removing joint repair raises the mean cost by 0.02% on N150K24 and by 1.39% on N600K48, while

removing path generation raises the mean cost by up to 0.27% on the three sets with at most 300 nodes.

Without path generation, runs on these three sets terminate early, after 188 to 249 seconds on average, as on

the RAS instances (Section 6.4.2). On N600K48, removing path generation lowers the mean cost by 0.05%,

and the search then completes 7.9 instead of 5.6 joint MIP calls per run, consistent with joint repair making

the best use of the 300 seconds at this scale. Removing local repair changes the mean cost by at most

0.08%, consistent with each joint repair call releasing all 24 or 48 demands, as on the 12-demand instances.

The restriction of joint repair described in Section 6.2.2 confirms the contribution of path generation at

this scale. Under this restriction, removing path generation raises the mean cost by 0.61%, 0.50%, 0.65%,

and 0.86% on N150K24, N150K48, N300K48, and N600K48, respectively, with 27 wins, 11 ties, and two

losses across the 40 instances.
Table 6 DG-CGM, DW LP, and ARC MIP on the larger generated instances.

DW LP Bound gap/% Increase without/%

Set #Bounds Time/s z0
DG-CGM

mean
DG-CGM

max.
ARC
MIP

Improvement
from z0/%

Path
gen. Local Joint

N150K24 10 3.4 4.7 1.6 5.9 24.2 3.2 0.27 0.00 0.02
N150K48 10 3.5 3.4 0.5 1.6 34.8 2.9 0.03 0.00 0.31
N300K48 8 86.0 2.2 0.6 0.9 78.8 2.2 0.07 0.04 0.61
N600K48 0 – – – – – 3.9 −0.05 0.08 1.39

Note. Bound gaps and DW LP times average the instances with a DW bound. Improvement from z0 and the last three columns, the
mean paired cost increase when a component is removed, use seed 1.

6.4. RAS Instances

6.4.1. Construction and Complete Search. Table 7 compares the cost z0 after construction with

the final cost zH obtained by DG-CGM, whose search uses the remainder of the two-hour time limit. Across

the six scenarios, DG-CGM reduces the construction cost by 7.2% on average, with reductions ranging

from 0.7% on L3×0.5 to 26.4% on L3×2. The construction plan is identical across runs, and the three final

costs differ by at most 0.6% in every scenario except L3×2. On L3×2, the final costs range from 6,554.2 to

7,412.1, so even the most expensive run reduces the construction cost by 22.0%.

The larger spread on L3×2 is consistent with congestion. Its plans use all classification tracks at 26

yards (Table 9), so the final plan depends on which demands the search first admits to these tracks. The

smallest reduction, on L3×0.5, is consistent with the design of this scenario. Halving demand volumes

leaves minimum block loads unchanged, and L3 demands are already 15.5% smaller on average than L1

demands. Consequently, many demands may be unable to reach a minimum block load even jointly; L3×0.5

keeps the lowest service of all scenarios, 95.9%, after the search (Table 9).
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Table 7 Construction and complete DG-CGM on the RAS instances.

Construction DG-CGM

Scenario z0/106 Time/s zH/106 zH range/106 Improvement/% Total time/s

L1×0.5 1,631.4 631.7 1,568.9 1,565.9–1,574.9 3.8 7,209.3
L1×1 3,036.4 1,787.2 2,974.5 2,972.9–2,975.5 2.0 7,210.0
L1×2 6,145.4 2,306.5 5,882.4 5,882.1–5,883.1 4.3 7,206.0

L3×0.5 1,787.6 1,022.1 1,775.7 1,775.1–1,776.6 0.7 7,205.3
L3×1 3,327.3 1,768.0 3,123.9 3,121.5–3,126.6 6.1 7,204.9
L3×2 9,498.2 3,715.3 6,989.7 6,554.2–7,412.1 26.4 7,203.7
Mean – – – – 7.2 –

Note. zH, construction time, and total time are means over three runs; the improvement uses the mean zH.

6.4.2. Contributions of the Search Components. To examine the components at full scale, we

run DG-CGM and each variant from Section 6.2.2 starting from the construction plan of each scenario,

allowing 7,200 seconds of search after construction. Table 8 reports the final cost of DG-CGM and the

relative cost increase of each variant. Joint repair again has the largest contribution. Without it, the cost

increases by 0.4% to 6.6% on five scenarios and by 37.1% on L3×2, where most of the improvement over

construction comes from serving more demand. Removing path generation increases the cost on every

scenario, by 0.3% to 1.7%; without it, the search terminates early, after 341 to 757 seconds, indicating that

the paths generated by this component sustain the search over the two-hour time limit. The restriction of

joint repair described in Section 6.2.2 makes this contribution more pronounced. Under this restriction, the

search without path generation terminates after 1 to 41 seconds and changes the construction cost by less

than 0.001% on four of the six scenarios, whereas with path generation it runs for the full 7,200 seconds

and reduces the construction cost by 3.2% on average. Removing path generation in this setting increases

the cost by 0.7% to 4.3%, exceeding the increase without the restriction on every scenario. Local repair

matters mainly on L3×2, where its removal increases the cost by 7.9%; elsewhere, the increase is at most

0.3%. This pattern is consistent with the initial demand selection in destroy, which prioritizes demands in

decreasing order of unserved demand cost. The construction plan of L3×2 serves 85.7% of the requested

volume, compared with 98.8% for L1×2 and 97.2% for L3×1 (Table 12), leaving many large unserved

demands for local repair to recover.

6.4.3. Demand Volume and Operating Plans. Table 9 reports total cost, cost per requested unit

z/
∑

k qk, volume-weighted service, and the number of open blocks. Table 10 reports the cost components.

For each scenario, we analyze the lowest-cost plan among the three runs. We measure congestion by the

number of resources operating at capacity, i.e., physical links whose loads equal their capacities, yards

whose handling volumes equal their capacities, and yards with all classification tracks in use.

On L1, increasing the demand multiplier from 0.5 to 2 raises the number of open blocks from 759 to

1,249 and reduces the cost per requested unit from 1,002.8 to 941.7, consistent with consolidation over
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Table 8 Search components on the RAS instances.

Cost increase without/%

Scenario z0/106 zH/106 Path generation Local repair Joint repair

L1×0.5 1,631.4 1,566.1 1.4 0.3 3.9
L1×1 3,036.4 2,970.0 0.3 0.2 2.1
L1×2 6,145.4 5,880.7 0.3 0.0 2.8

L3×0.5 1,787.6 1,776.1 0.4 0.2 0.4
L3×1 3,327.3 3,118.1 0.3 0.2 6.6
L3×2 9,498.2 6,429.1 1.7 7.9 37.1

larger volumes, while service remains at or above 99.3%. L3 opens more blocks than L1 at every multiplier

and serves 95.9% to 98.2% of the requested volume, making unserved demand a larger cost component. At

α= 2, the cost per requested unit on L3 rises again to 1,046.1, with an unserved demand cost of 755.5 in 106

model cost units and 26 yards using all their classification tracks, compared with 28.6 and 19, respectively,

on L1×2.
Table 9 Cost, service, and resource use under the six RAS demand scenarios.

Resources at capacity

Scenario Total cost/106
Cost/

requested unit Service/% Open blocks Links
Yards

(handling)
Yards

(tracks)

L1×0.5 1,565.9 1,002.8 99.3 759 0 0 2
L1×1 2,972.9 951.9 99.6 1,001 0 0 7
L1×2 5,882.1 941.7 99.6 1,249 3 0 19

L3×0.5 1,775.1 1,133.3 95.9 789 0 0 7
L3×1 3,121.5 996.4 98.2 1,109 0 0 12
L3×2 6,554.2 1,046.1 96.6 1,293 0 2 26

Table 10 Cost components of the RAS plans.

Scenario Opening Transportation Handling Interchange Unserved Total/106

L1×0.5 1.9 1,422.0 40.6 52.7 48.7 1,565.9
L1×1 2.5 2,795.0 46.5 101.9 27.0 2,972.9
L1×2 3.1 5,572.4 75.7 202.3 28.6 5,882.1

L3×0.5 2.0 1,474.5 48.6 54.2 195.9 1,775.1
L3×1 2.8 2,808.0 71.0 104.2 135.5 3,121.5
L3×2 3.2 5,474.6 119.7 201.1 755.5 6,554.2

6.4.4. Resource Limits. To relate the operating plans to individual resource limits, we tighten one

limit at a time on L1×1 and L3×1 and rerun DG-CGM. We multiply yard handling capacities by 0.75,

reduce the number of classification tracks Ti at each yard to ⌈0.75Ti⌉, multiply physical link capacities by

0.75, or increase minimum block loads by a factor of 1.5 without exceeding the block upper bounds. We

also vary the joint repair cap from 250 to 100 and 500. Table 11 compares each variant with the unchanged

scenario under the same seed.
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The minimum block load has the largest effect. Increasing it by 50% raises cost by 3.1% on L1×1 and

by 10.4% on L3×1, reduces the number of open blocks by 16% to 20%, and increases unserved demand

cost by a factor of about two on L1×1 and three on L3×1. Reducing the number of classification tracks

raises cost by 0.7% on L1×1 but by 7.9% on L3×1, where more yards already use all their classification

tracks (Table 9). Lower handling and link capacities change the cost of L1×1 by at most 0.5%; on L3×1,

reducing link capacities raises the mean cost by 2.4%, mainly due to one run. These two limits rarely bind,

as no physical link reaches capacity and no yard reaches its handling capacity in the plans for L1×1 and

L3×1 reported in Table 9. The 0.1% cost decrease on L1×1 under tighter link capacities is consistent with

the load limits in Section EC.2.5, which tighten as link capacities decrease and can strengthen the restricted

MIPs, and with the different physical candidates subsequently generated by construction.

The default joint repair cap of 250 balances the size of each joint MIP against the time available to solve

it. A cap of 100 increases cost by 0.7% to 0.9% in both scenarios, whereas a cap of 500 reduces the cost

of L1×1 by 0.3% but leaves L3×1 close to its construction cost (3,324.4 versus 3,327.3 in 106 model cost

units). The latter result indicates that MIPs with up to 500 released demands yield little improvement within

the 30 seconds allotted to each joint repair invocation (Table EC.1). L1×1, with fewer demands and fewer

yards at track capacity, still benefits from the larger cap.

Table 11 Resource limits and the joint repair cap on the RAS instances.

Scenario Variant z/106 Change/%
Change by

seed/% Service/%
Open
blocks

Unserved/
106

L1×1 Yard handling capacity ×0.75 2,988.0 0.5 0.3 to 0.5 99.7 1,039 43.5
Classification tracks ⌈0.75Ti⌉ 2,995.2 0.7 0.6 to 0.8 99.5 971 36.0
Link capacity ×0.75 2,970.5 −0.1 −0.2 to −0.1 99.6 1,002 24.1
Minimum block load ×1.5 3,067.0 3.1 2.8 to 3.5 99.4 841 64.1
Joint repair cap 100 2,994.1 0.7 0.5 to 0.8 99.6 1,019 34.3
Joint repair cap 500 2,966.5 −0.3 −0.4 to −0.2 99.6 1,021 21.5

L3×1 Yard handling capacity ×0.75 3,130.8 0.2 −0.3 to 0.7 98.1 1,111 150.7
Classification tracks ⌈0.75Ti⌉ 3,371.6 7.9 2.8 to 17.3 96.0 992 444.6
Link capacity ×0.75 3,199.0 2.4 0.0 to 6.5 97.8 1,103 219.2
Minimum block load ×1.5 3,448.6 10.4 8.2 to 14.7 96.2 885 399.3
Joint repair cap 100 3,151.1 0.9 0.8 to 0.9 98.1 1,103 160.5
Joint repair cap 500 3,324.4 6.4 6.3 to 6.5 97.2 1,105 362.8

Note. Means over three runs. Change compares the mean cost with that of the unchanged scenario; change by seed reports the
smallest and largest paired cost changes across the three runs.

6.4.5. Service Recovery on L3×2. The largest reduction, on L3×2, comes mainly from serving

demand left unserved by the construction plan. Table 12 compares the construction plans of L1×2, L3×1,

and L3×2 in terms of unserved demand cost, service, and the number of resources operating at capacity,

counted as in Table 9. In the L3×2 construction plan, ten yards operate at full handling capacity, and the

unserved demand cost of 4,433.4 accounts for 46.7% of the total cost, compared with 10.9% for L3×1 and

6.0% for L1×2. DG-CGM serves much of this unserved demand. The resulting L3×2 plan in Table 10
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reduces the unserved demand cost from 4,433.4 to 755.5 and has only two yards operating at handling

capacity.
Table 12 Service and resource use in the construction plans.

Resources at capacity

Scenario
Unserved demand

cost/106
Share of total

cost/% Service/% Links
Yards

(handling)
Yards

(tracks)

L1×2 366.6 6.0 98.8 3 2 17
L3×1 363.8 10.9 97.2 0 0 15
L3×2 4,433.4 46.7 85.7 3 10 26

7. Conclusions
We develop DG-CGM for the IRBP, which jointly determines block design, blocking sequences, and phys-

ical block routes under minimum-load and shared-resource constraints. We formulate the problem as ARC

and derive its exact DW reformulation with a stronger LP relaxation. The proposed JRC enables exact pric-

ing of logical and physical paths without path-specific dual variables. Building on these results, DG-CGM

combines dual-guided path generation with restricted MIP-based local and joint repair to progressively

improve feasible blocking plans.

Computational experiments demonstrate the effectiveness of the proposed approach. On 150 generated

instances, the DW formulation reduces the mean lower-bound gap from 67.5% for ARC to 3.1%. DG-CGM

matches 89 of the 91 proven optima within 60 seconds and reduces the feasible costs obtained by ARC

MIP by 3.4% on average, while requiring only 5.2% of its geometric mean runtime. On larger generated

instances, the mean gap of DG-CGM to the DW lower bound is at most 1.6% where this bound is available.

On six full-scale RAS scenarios with 47,193 physical nodes, DG-CGM reduces the construction cost by

7.2% on average and serves 95.9%–99.6% of the requested freight volume within two hours.

These findings highlight the interplay between path generation and coordinated optimization in the IRBP.

Newly generated logical paths may require multiple demands to jointly satisfy minimum block loads, while

changes in demand assignments can affect block openings, physical paths, and shared resource capacities.

Conversely, restricted MIP-based repair cannot explore logical paths absent from its candidate pool. Com-

bining path generation with local repair and joint repair allows the search to expand its routing alternatives

and coordinate their use in feasible blocking plans.

We conclude with three directions for future research. First, learning-based methods could be incorpo-

rated into DG-CGM to improve search efficiency and adapt the algorithm to different network characteris-

tics and demand patterns. Second, the DW formulation and exact pricing algorithms could be extended to

develop a branch-and-price algorithm for solving larger IRBP instances to proven optimality. High-quality

feasible solutions obtained by DG-CGM could provide initial upper bounds to accelerate the exact search.

Finally, the DG-CGM framework could be extended to address other railway planning problems involving

time-dependent freight demands and train schedules.
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Electronic Companion

EC.1. Proofs
EC.1.1. Proof of Theorem 1

Proof. We partition the constraints of ARC into three groups. The demand subsystem of demand k

consists of Eqs. (1b)–(1g) for k, the bounds on ℓDki in Eq. (1u), and the binary domains of xD
k and xD

kb.

Its variables other than the order variables form the vector uD
k = (xD

k , (x
D
kb)b∈Bk

, vk, (gkb)b∈Bk
). The block

subsystem of block b consists of Eqs. (1i)–(1k) and (1m)–(1p) for b, the bounds on ℓBbn, and the binary

domains of yb and xB
ba, with uB

b = (yb, (x
B
ba)a∈A, fb, (wba)a∈A). The remaining Eqs. (1h), (1l), and (1q)–(1t)

are the coupling constraints. For p∈Pk and r ∈Rb, we write ιp = (ιbp)b∈Bk
and δr = (δar)a∈A.

Step 1. We show that the set XD
k of vectors uD

k for which some order vector (ℓDki)i∈Y satisfies the demand

subsystem of k is

XD
k = {0}∪

⋃
p∈Pk

{
(1, ιp, t, tιp) : 0≤ t≤ qk

}
. (EC.1)

Let uD
k ∈ XD

k . If xD
k = 0, then, since every b ∈ Bk belongs to B+

k (ib), Eq. (1d) at i= ib gives xD
kb = 0, and

Eqs. (1f) and (1g) give gkb = 0 and vk = 0. Hence uD
k = 0.

Now let xD
k = 1, and call the blocks b∈Bk with xD

kb = 1 selected. By Eq. (1d), at most one selected block

leaves each yard and at most one enters it. Since ok ̸= dk, Eq. (1b) states that the number of selected blocks

leaving a yard minus the number entering it is one at ok, minus one at dk, and zero elsewhere. Together with

these upper bounds, it implies that exactly one selected block leaves ok and none enters it, that exactly one

enters dk and none leaves it, and that every other yard is left by a selected block if and only if it is entered by

one. Starting at ok, we repeatedly follow the selected block that leaves the current yard. Every yard reached

in this way other than dk is entered by a selected block and is therefore also left by one, so the walk can

stop only at dk. The walk never returns to a yard. A return to ok would require a selected block entering ok.

At the first return to another yard, that yard would be entered by two distinct selected blocks, because the

blocks used for its two entries leave two different yards, as no yard is repeated before this return. Because

Y is finite, the walk reaches dk and traces an elementary logical path p∈Pk whose blocks are selected.

We next show that no other block is selected. Each yard of p is left by at most one selected block and

entered by at most one, and these blocks lie on p, because no selected block enters ok or leaves dk. Hence

every selected block off p leaves and enters yards off p, and such a yard is left by a selected block off p

if and only if it is entered by one. If some selected block lies off p, following selected blocks off p from

the tail of any of them therefore never stops, so some yard is eventually reached a second time. The blocks

traversed between the two visits of the first such yard form a directed cycle C of selected blocks in which

every yard is the head of exactly one block and the tail of exactly one block. Summing Eq. (1e) over b∈C,

for which xD
kb = 1, gives

∑
b∈C(ℓ

D
kjb
− ℓDkib)≥ |C| ≥ 1, whereas the left side equals zero. Hence the selected

blocks are exactly the blocks of p, that is, (xD
kb)b∈Bk

= ιp.
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For the volumes, Eq. (1f) gives gkb = 0 for b /∈ p. Let b1, . . . , bm be the blocks of p in order, so that

ib1 = ok, jbs = ibs+1
for s < m, and jbm = dk. Eq. (1c) at ok gives gkb1 = vk, because b1 is the only block

of p incident to ok, and at jbs with s < m it gives gkbs+1
= gkbs . Hence gkb = vkιbp for every b ∈ Bk, and

Eq. (1g) gives 0≤ vk ≤ qk. Thus uD
k = (1, ιp, vk, vkιp) belongs to the right side of Eq. (EC.1).

Conversely, the zero vector satisfies the demand subsystem with ℓDki = 0 for all i, since Eq. (1e) then reads

0≥ 1− |Y|. For p ∈ Pk with blocks b1, . . . , bm and t ∈ [0, qk], set ℓDkok = 0, ℓDkjbs = s for s= 1, . . . ,m, and

ℓDki = 0 at the yards off p. These positions lie in [0, |Y| − 1] because p visits m+ 1 ≤ |Y| distinct yards.

Eq. (1e) holds with equality for the blocks of p, and for every other block it reads ℓDkjb − ℓ
D
kib
≥ 1− |Y|,

which holds because both positions lie in [0, |Y| − 1]. Eqs. (1b) and (1d) hold because p is an elementary

path from ok to dk, and Eqs. (1c), (1f), and (1g) hold for (1, ιp, t, tιp) because 0≤ t≤ qk. The two inclusions

prove Eq. (EC.1).

Step 2. Similarly, the set XB
b of vectors uB

b for which some order vector (ℓBbn)n∈N satisfies the block

subsystem of b is

XB
b = {0}∪

⋃
r∈Rb

{
(1, δr, t, tδr) : f b

≤ t≤ f b

}
. (EC.2)

If yb = 0, Eq. (1j) at n= ia gives xB
ba = 0 for every arc a, Eq. (1p) gives fb = 0, and Eq. (1n) gives wba = 0.

If yb = 1, Eq. (1p) gives f
b
≤ fb ≤ f b, so f b ≥ f b

. The argument of Step 1 applies to the arcs a with

xB
ba = 1, with nodes in place of yards, Eqs. (1i), (1j), and (1m) in place of Eqs. (1b), (1d), and (1e), and

ib ̸= jb in place of ok ̸= dk. Hence the selected arcs form an elementary physical path r from ib to jb,

and (xB
ba)a∈A = δr. Eq. (1k) gives

∑
a∈ADaδar ≤ Db, so r ∈ Rb because f b ≥ f b

. For a /∈ r, Eq. (1n)

gives 0 ≤ wba ≤ 0. For a ∈ r, it gives wba ≤ fb, while Eq. (1o) gives wba ≥ fb − f b(1 − 1) = fb. Thus

uB
b = (1, δr, fb, fbδr). Conversely, the zero vector satisfies the block subsystem with zero positions, since

Eq. (1m) then reads 0 ≥ 1− |N | and Eq. (1o) reads 0 ≥ 0. For r ∈ Rb and t ∈ [f
b
, f b], positions 0,1, . . .

along r and zero elsewhere lie in [0, |N | − 1] and satisfy Eq. (1m) as in Step 1, Eqs. (1i) and (1j) hold

because r is an elementary path from ib to jb, Eq. (1k) holds because r ∈Rb, and Eqs. (1n)–(1p) hold for

(1, δr, t, tδr); in particular, Eq. (1o) reads t≥ t for a ∈ r and 0≥ t− f b for a /∈ r. When f b < f
b
, Eq. (1p)

excludes yb = 1, in agreement withRb = ∅.
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Step 3. We relate the path variables of DW to these sets. Let ξ = (xD, xB, y, v, f, g,w, vH) collect the

ARC variables other than the order variables. The linear map Φ from the DW variables (x, v) to ξ is

xD
k =

∑
p∈Pk

xD
kp, yb =

∑
r∈Rb

xB
br,

xD
kb =

∑
p∈Pk

ιbpx
D
kp, xB

ba =
∑
r∈Rb

δarx
B
br,

vk =
∑
p∈Pk

vDkp, fb =
∑
r∈Rb

vBbr,

gkb =
∑
p∈Pk

ιbpv
D
kp, wba =

∑
r∈Rb

δarv
B
br,

vHi =
∑
k∈K

∑
p∈Pk

ηipv
D
kp.

(EC.3)

Let ΦD
k (x, v) =

∑
p∈Pk

(xD
kp, x

D
kpιp, v

D
kp, v

D
kpιp) and ΦB

b (x, v) =
∑

r∈Rb
(xB

br, x
B
brδr, v

B
br, v

B
brδr) denote the

components of Φ(x, v) that form uD
k and uB

b . The local constraints of demand k in the DW LP relaxation are

Eqs. (2f) and (2h) for k together with xD
kp ≥ 0, that is, xD

kp ≥ 0, 0≤ vDkp ≤ qkxD
kp, and

∑
p x

D
kp ≤ 1. Those of

block b, from Eqs. (2g) and (2i), are xB
br ≥ 0, f

b
xB
br ≤ vBbr ≤ f bx

B
br, and

∑
r x

B
br ≤ 1. We show two properties.

(a) If the local constraints of k hold and every xD
kp is binary, then ΦD

k (x, v) ∈ XD
k , and every point of

XD
k arises in this way. The same holds for blocks. The convexity constraint allows at most one path p with

xD
kp = 1, and vDkp′ ≤ qkxD

kp′ = 0 for every other path p′. Hence ΦD
k (x, v) is either zero or (1, ιp, vDkp, v

D
kpιp)

with 0≤ vDkp ≤ qk, which belongs to XD
k by Eq. (EC.1). Conversely, zero arises from zero path variables,

and (1, ιp, t, tιp) arises from xD
kp = 1, vDkp = t, and zero for all other paths. For a block, the same argument

uses f
b
≤ vBbr ≤ f b when xB

br = 1 and Eq. (EC.2); whenRb = ∅, both ΦB
b (x, v) and the only point of XB

b are

zero.

(b) If the local constraints of k hold, then ΦD
k (x, v)∈ convXD

k , and every point of convXD
k arises in this

way. The same holds for blocks. For the first part, under the local constraints,

ΦD
k (x, v) =

(
1−

∑
p∈Pk

xD
kp

)
· 0+

∑
p∈Pk

[(
xD
kp−

vDkp
qk

)
(1, ιp,0,0)+

vDkp
qk

(1, ιp, qk, qkιp)
]
,

where the weights are nonnegative by the local constraints and sum to one, and the points belong to XD
k .

For a block with f
b
< f b, the corresponding representation places weight (f bx

B
br − vBbr)/(f b − f b

) on

(1, δr, f b
, f

b
δr), weight (vBbr− f b

xB
br)/(f b− f b

) on (1, δr, f b, f bδr), and weight 1−
∑

r x
B
br on zero. These

weights are nonnegative, and those of path r sum to xB
br and reproduce the volume vBbr. When f

b
= f b, the

local constraints give vBbr = f
b
xB
br, and the weight xB

br on (1, δr, f b
, f

b
δr) suffices. When f b < f

b
, Rb = ∅

and ΦB
b (x, v) = 0 ∈ XB

b . For the second part, the path variables that satisfy the local constraints form a

convex set and ΦD
k is linear, so their images form a convex set, which contains XD

k by (a) and hence contains

convXD
k ; the same argument applies to blocks.

Step 4. We show that, for ξ =Φ(x, v), the coupling constraints and the objective of ARC coincide with

the remaining constraints and the objective of DW. Eq. (1l) becomes
∑

r v
B
br =

∑
k∈Kb

∑
p ιbpv

D
kp, which is
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Eq. (2b). Eq. (1h) becomes
∑

p ιbpx
D
kp ≤

∑
r x

B
br, which is Eq. (2j). Eq. (1r) becomes Eq. (2e), and, since∑

a∈Ae
wba =

∑
r(
∑

a∈Ae
δar)v

B
br, Eq. (1s) becomes Eq. (2c). For handling, an elementary path p ∈ Pk

leaves each yard at most once, so
∑

b∈B+
k
(i) ιbp equals one if p leaves yard i and zero otherwise. Since

ok ̸= dk, every p∈Pk leaves ok, and therefore
∑

b∈B+
k
(i) ιbp−1{i= ok}= ηip for every yard i. Substituting

gkb =
∑

p ιbpv
D
kp and vk =

∑
p v

D
kp into the right side of Eq. (1q) thus gives

∑
k

∑
p ηipv

D
kp, the value of vHi

in Eq. (EC.3). Hence Eq. (1q) holds, and Eq. (1t) becomes Eq. (2d). Finally, substituting Eq. (EC.3) into

Objective (1a) gives∑
b

cOb
∑
r

xB
br +

∑
b,r

(∑
a

cTbaδar

)
vBbr +

∑
k,p

(∑
i

cHi ηip

)
vDkp +

∑
b

cIb
∑
r

vBbr +
∑
k

cUk

(
qk−

∑
p

vDkp

)
=
∑
k

qkc
U
k +

∑
k,p

cDkpv
D
kp +

∑
b,r

(
cOb x

B
br + cBbrv

B
br

)
by the definitions of cDkp and cBbr in Section 4.1, and the right side is Objective (2a).

Step 5. We prove z∗arc = z∗dw. Let (x, v) be feasible for DW. By Step 3(a), ΦD
k (x, v)∈XD

k and ΦB
b (x, v)∈

XB
b , so order vectors exist that satisfy every demand and block subsystem. By Step 4, Φ(x, v) satisfies the

coupling constraints and has the DW objective value. Hence Φ(x, v), together with these order vectors, is

feasible for ARC with the same cost, and z∗arc ≤ z∗dw. Conversely, let ξ and its order vectors be feasible for

ARC. By Eqs. (EC.1) and (EC.2), each uD
k is zero or equals (1, ιp, t, tιp) for a path p∈Pk, which is unique

because it consists of the blocks with xD
kb = 1, and each uB

b is zero or equals (1, δr, t, tδr) for a unique

r ∈Rb. Setting the selection and volume variables of these paths to one and t, and all other path variables

to zero, gives binary path variables that satisfy the local constraints and whose image under Φ is ξ, where

vH agrees by Step 4. By Step 4, these path variables also satisfy the remaining DW constraints and have the

cost of ξ, so z∗dw ≤ z∗arc. Therefore z∗arc = z∗dw.

Steps 3 and 4 also identify DW as a Dantzig–Wolfe reformulation of ARC. Under the linear map Φ, the

local constraints of the DW LP relaxation describe exactly convXD
k and convXB

b by Step 3(b), and the

coupling constraints and objective of ARC become the remaining constraints and objective of DW by Step

4. The DW LP relaxation is therefore the master problem obtained by convexifying every demand and block

subsystem while retaining the coupling constraints, and requiring binary path selections recovers exactly

XD
k and XB

b by Step 3(a), which makes the reformulation exact. Formally, Φ maps the feasible set of DW

onto the set of vectors ξ that, together with some order vectors, are feasible for ARC, and it preserves the

objective value.

Step 6. We prove zlparc ≤ z
lp
dw. Let (x, v) be feasible for the DW LP relaxation. By Step 3(b), ΦD

k (x, v) is

a convex combination of points of XD
k , and by Step 1, each of these points satisfies the demand subsystem

together with some order vector. Once the binary domains are relaxed to [0,1], every constraint of the

demand subsystem is linear, so the same convex combination of these points and their order vectors satisfies

the LP relaxation of the demand subsystem, and its components other than the order vector equal ΦD
k (x, v).

The same argument applies to every block. By Step 4, Φ(x, v) also satisfies the coupling constraints and has
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the DW objective value. Hence every feasible solution of the DW LP relaxation maps to a feasible solution

of the ARC LP relaxation with the same objective value, and zlparc ≤ z
lp
dw.

Step 7. We show that the inequality can be strict. Consider the instance with yards Y = {o, d}, physical

nodesN = {o,n1, n2, d}, and four one-way links of capacity 1, each consisting of a single arc. Arcs (o,n1)

and (n1, d) have length 1 and unit transportation cost 5, and arcs (o,n2) and (n2, d) have length 2 and unit

transportation cost 1. There is one block b from o to d with Db = 3, f
b
= 1, κb = 1, cOb = 1, and cIb = 0,

and one demand k from o to d with qk = 1, Bk = {b}, and cUk = 100, so that f b = qk = 1. Both yards have

Ti =Hi = 1 and cHi = 0. The path o→ n1→ d has length 2 and the path o→ n2→ d has length 4, so Rb

contains only the first.

Consider any feasible solution of the ARC LP relaxation. Since Bk = {b}, Eq. (1c) at o gives gkb =

vk, Eq. (1l) gives fb = gkb, and Eq. (1p) with f
b
= f b = 1 gives fb = yb, so vk = yb. For every arc a,

Eq. (1n) gives wba ≤ xB
ba, and Eq. (1o) gives wba ≥ fb − (yb − xB

ba) = xB
ba, so wba = xB

ba. Eq. (1i) at n1,

n2, and o gives xB
b,(o,n1)

= xB
b,(n1,d)

=: χ1, xB
b,(o,n2)

= xB
b,(n2,d)

=: χ2, and χ1 + χ2 = yb. Eq. (1k) gives

2χ1 + 4χ2 ≤ 3yb, and substituting χ2 = yb − χ1 yields χ1 ≥ yb/2. Since cHi = cIb = 0, the objective equals

yb + 10χ1 + 2χ2 + 100(1− vk) = 100− 97yb + 8χ1 ≥ 100− 93yb ≥ 7, where the last step uses yb ≤ 1.

The value 7 is attained by xD
k = xD

kb = yb = vk = gkb = fb = 1 and xB
ba = wba = 1/2 on all four arcs,

with logical positions ℓDko = 0 and ℓDkd = 1, physical positions ℓBbn = 0 for every node n, and vHo = vHd = 0.

For this point, Eqs. (1i) and (1j) hold because each of the two paths carries 1/2, Eq. (1k) holds because

(1+1)/2+(2+2)/2 = 3, Eq. (1m) holds because its right side equals 1−4(1−1/2) =−1, Eq. (1n) holds

because wba = 1/2 = f bx
B
ba ≤ fb, and Eq. (1o) holds because its right side equals 1− (1− 1/2) = 1/2.

Eqs. (1b)–(1h) hold because the single block carries the whole demand from o to d with positions 0 and 1,

Eqs. (1l) and (1p) hold because fb = gkb = 1, each link carries 1/2≤ 1, the track constraint at o reads 1≤ 1,

and Eq. (1q) gives vHo = gkb− vk = 0 and vHd = 0, within Ho =Hd = 1. All positions lie within the bounds

in Eq. (1u), since |Y|− 1 = 1 and |N |− 1 = 3, and all relaxed binary variables lie in [0,1]. Hence zlparc = 7.

In the DW LP relaxation, Pk contains the single path p= (b) and Rb contains the single path r = o→
n1 → d, with cDkp = −100 and cBbr = 10. Eq. (2g) with f

b
= f b = 1 gives vBbr = xB

br, and Eq. (2b) gives

vDkp = vBbr. The objective therefore equals 100− 100xB
br +x

B
br +10xB

br = 100− 89xB
br ≥ 11, because xB

br ≤ 1

by Eq. (2i). Setting all four path variables to one attains 11 and satisfies every DW constraint. Eqs. (2b)

and (2f)–(2j) hold with all four values equal to one, the two links of r carry 1≤ 1 and the other two links

carry 0≤ 1, the track constraint at o reads 1≤ 1, and the handling constraints read 0≤ 1 because ηip = 0

for the direct path p. Hence zlpdw = 11> 7 = zlparc. □

EC.1.2. Proofs of Propositions 1 and 2

Proof. We first verify that label costs equal path JRCs. For p ∈ Pk, substituting cDkp =
∑

i c
H
i ηip − cUk

into Eqs. (3) and (5) gives

c̃Dkp =−qkcUk −πk +
∑
b∈Bk

ιbp
(
qkσb− γkb

)
+ qk

∑
i∈Y

(
cHi −µH

i

)
ηip.
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Each block b ∈ Bk belongs to exactly one set B+
k (i), the one with i = ib, so the definition of ηip gives∑

i(c
H
i −µH

i )ηip =
∑

b ιbp1{ib ̸= ok}(cHib−µ
H
ib
). Hence c̃Dkp = c̃D,init

k +
∑

b ιbpc̃
D
kb, with the extension costs in

Eq. (6). Similarly, substituting cBbr = cIb+
∑

a c
T
baδar into Eqs. (7) and (8) gives c̃Bbr(t) = c̃B,init

bt +
∑

a δarc̃
B
bta,

with the extension costs in Eq. (9). By the extension rules in Sections 4.2.1 and 4.2.2, each logical label

represents an elementary prefix from ok that uses compatible blocks, each physical label represents an

elementary prefix from ib of the recorded length within the length budget, and the cost of a label equals

the initial cost plus the extension costs along its prefix. Physical labels are generated only for blocks with

f b ≥ f b
(Section 4.2.2), so a complete physical path within the length budget belongs to Rb. A completion

of a label is a possibly empty sequence of blocks or arcs whose concatenation with the prefix is a path in

Pk or Rb, respectively. A label at the destination has only the empty completion, since an elementary path

ends there. If ∆(Q) denotes the sum of the extension costs along a completionQ, the decompositions above

show that the completed path has JRC c+∆(Q), where c is the cost of the label. Let c⋆(L) be the minimum

of c+∆(Q) over the completionsQ of label L. Here and below, a minimum over the empty set equals +∞.

Now let L1 ⪯ L2 be two logical labels at yard i, as in Proposition 1, and let Q be a completion of

L2. Because the path completed from L2 is elementary, each yard of Q other than i lies outside S2, and

therefore outside S1 ⊆ S2. Appending Q to the prefix of L1 thus yields an elementary path from ok to

dk with compatible blocks, so Q is also a completion of L1. The extension costs of Q depend only on k

and the blocks of Q, so the two completed paths have JRCs c1 +∆(Q) ≤ c2 +∆(Q), whatever the sign

of ∆(Q). Hence c⋆(L1) ≤ c⋆(L2), which is the sense in which L1 dominates L2. For two physical labels

L1 ⪯ L2 at node n, as in Proposition 2, the same argument applies with nodes in place of yards and with

extension costs that depend only on b, t, and the arcs of Q. In addition, the path completed from L1 has

length d1 +D(Q) ≤ d2 +D(Q) ≤ Db, where D(Q) is the length of Q. Hence Q is a completion of L1

within the length budget, and again c⋆(L1)≤ c⋆(L2).

It remains to show that discarding dominated labels preserves the minimum JRC computed by the labeling

algorithm. A label at the destination is stored and not extended. Every other label is eventually extended

unless it is discarded, and a label L is discarded only when a stored label L1 ⪯ L exists that has not been

discarded, whether or not L1 has been extended. The algorithm stops because every extension enlarges

the visited set, which is contained in Y or N . Let D be the set of labels at the destination that are never

discarded. Each label in D represents a path in Pk orRb, so its cost is at least the minimum JRC. We show,

by induction on the number of blocks or arcs of Q, that for every generated label L and every completion Q

of L, some label inD has cost at most c+∆(Q), where c is the cost of L. Applied to L0, whose completions

are all paths in Pk orRb, this claim shows that the minimum cost over D equals the minimum JRC.

Assume the claim for all completions shorter than Q. Suppose first that L is never discarded. If Q is

empty, then L lies at the destination and belongs toD. Otherwise, L is not at the destination and is therefore

extended. Its extension L′ along the first block or arc of Q is generated, because the head of that block or
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arc lies outside the visited set of L and, for a physical label, the extended prefix stays within the length

budget, since the remaining arcs of Q have positive lengths. The rest Q′ of Q is a completion of L′, the cost

c′ of L′ satisfies c′ +∆(Q′) = c+∆(Q), and Q′ is shorter than Q, so the induction hypothesis gives the

claim. Suppose next that L is discarded. At that time, some label L1 ⪯L exists that has not been discarded.

If L1 is discarded later, some label L′
2 ⪯L1 exists that has not been discarded, and so on. The discard times

increase strictly along this chain, so the chain ends at a label L∗ that is never discarded. By transitivity of⪯,

L∗ ⪯L, so the preceding paragraph shows that Q is a completion of L∗ with cost c∗ +∆(Q)≤ c+∆(Q),

where c∗ is the cost of L∗. The first case, applied to L∗ and Q, gives the claim. □

EC.1.3. Proof of Proposition 3

Proof. Fix a block b with f b ≥ f b
. Every completion Q of a physical label L= (n,S, d, c) is a directed

path in GP from n to jb, possibly empty, so its length satisfies D(Q)≥Db(n), the shortest length from n to

jb without the visited-node restriction. If no directed path from n to jb exists, then L has no completion and

Db(n) =+∞. The distancesDb(n) are therefore lower bounds on the lengths of all completions. Dijkstra’s

algorithm from jb on the reversed graph computes Db(n) for every node n, because reversing the arcs maps

the directed paths from n to jb onto the directed paths from jb to n with the same lengths, and all lengths

Da are positive. These distances depend only on GP, the arc lengths, and jb, so they can be reused for every

load and every set of dual prices.

If d+Db(n) > Db, every completion Q of L would give a complete path of length d+D(Q) ≥ d+

Db(n) > Db, which lies outside Rb, so L has no completion. Similarly, the extension of L along an arc

a ∈ A+(n) is a label at ja of length d +Da, and each of its completions has length at least Db(ja). If

d +Da +Db(ja) > Db, this extension therefore has no completion. Both tests thus remove only labels

without completions. In the induction at the end of Section EC.1.2, the claim is vacuous for such labels,

and the extension L′ used there is never rejected, because it has the completion Q′. The induction therefore

holds with the tests, and the labeling algorithm still returns the minimum physical path JRC. □

EC.1.4. Proof of Proposition 4

Proof. We use LP duality for the DW LP relaxation. We call its constraints other than the path volume

bounds in Eqs. (2f) and (2g) the master rows, i.e., Eqs. (2b)–(2e) and (2h)–(2j). The RMP contains the

master rows, restricted to its paths, and the volume bounds of its paths. When rows of Eq. (2j) are separated

as in Section 6.1, the argument below applies once no omitted row is violated, because the omitted rows

can then be added with zero dual variables without changing the optimal primal and dual solutions or their

objective values. In a minimization LP, the dual variable of a≤ constraint is nonpositive, that of an equality

is free, and the reduced cost of a variable equals its objective coefficient minus the sum of its constraint

coefficients weighted by the dual variables. The dual objective is the sum of the right-hand sides weighted

by the dual variables, plus the objective constant
∑

k qkc
U
k .
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Step 1. We derive the reduced costs. The selection variable xD
kp has objective coefficient zero, coefficient

one in Eq. (2h) for k, coefficient ιbp in Eq. (2j) for each pair (k, b), and coefficient −qk in its row vDkp −

qkx
D
kp ≤ 0 of Eq. (2f), whose dual variable is λkp ≤ 0. The volume variable vDkp has objective coefficient cDkp,

coefficient −ιbp in Eq. (2b) for each block b, coefficient ηip in Eq. (2d) for each yard i, and coefficient one

in the same bound row. Subtracting the dual-weighted coefficients from the objective coefficients gives the

reduced costs in Eq. (4), with the coefficients in Eq. (3). For a physical path r ∈Rb, we write the bounds

in Eq. (2g) as f
b
xB
br − vBbr ≤ 0 and vBbr − f bx

B
br ≤ 0, with dual variables λbr, λbr ≤ 0. The variable xB

br has

objective coefficient cOb , coefficient one in Eq. (2i) for b, coefficient κb in Eq. (2e) for ib, coefficient −1 in

Eq. (2j) for each k ∈Kb, and coefficients f
b

and −f b in its two bound rows. The variable vBbr has objective

coefficient cBbr, coefficient one in Eq. (2b) for b, coefficient
∑

a∈Ae
δar in Eq. (2c) for each link e, and

coefficients−1 and 1 in the two bound rows. Since each arc belongs to exactly one link,
∑

e µe

∑
a∈Ae

δar =∑
a µeaδar, and the reduced costs are

rc(xB
br) = c̄B,x

br − f b
λbr + f bλbr, rc(vBbr) = c̄B,v

br +λbr−λbr,

with the coefficients in Eq. (7).

Step 2. We fix the dual variables of the master rows and characterize when the bound rows of a single path

admit dual variables that make the reduced costs of both of its variables nonnegative. For a logical path, such

a λkp ≤ 0 exists if and only if c̄D,x
kp ≥ 0 and c̃Dkp ≥ 0. If such a λkp exists, then c̄D,x

kp = rc(xD
kp)−qkλkp ≥ 0 and

c̃Dkp = rc(xD
kp)+ qk rc(v

D
kp)≥ 0. Conversely, λkp =−c̄D,x

kp /qk ≤ 0 gives rc(xD
kp) = 0 and rc(vDkp) = c̃Dkp/qk ≥

0. Moreover, c̄D,x
kp =−πk−

∑
b γkbιbp ≥ 0 holds for every logical path because πk, γkb ≤ 0, so the condition

reduces to c̃Dkp ≥ 0. For a physical path, such λbr, λbr ≤ 0 exist if and only if c̃Bbr(f b
)≥ 0 and c̃Bbr(f b)≥ 0.

By Step 1, for every t,

rc(xB
br)+ t rc(vBbr) = c̃Bbr(t)+ (t− f

b
)λbr +(f b− t)λbr.

If both reduced costs are nonnegative, then for t ∈ {f
b
, f b} the left side is nonnegative and the last two

terms are nonpositive, so c̃Bbr(t) ≥ 0. Conversely, if c̄B,v
br ≥ 0, the choice λbr = −c̄

B,v
br and λbr = 0 gives

rc(vBbr) = 0 and rc(xB
br) = c̃Bbr(f b

)≥ 0. If c̄B,v
br < 0, the choice λbr = 0 and λbr = c̄B,v

br gives rc(vBbr) = 0 and

rc(xB
br) = c̃Bbr(f b)≥ 0.

Step 3. We prove the proposition. Take an optimal primal solution of the RMP and the optimal RMP dual

solution whose master-row dual variables define the JRCs. By hypothesis and Step 2, every path in Pk or

Rb, whether or not it belongs to the RMP, admits bound dual variables that make the reduced costs of its two

variables nonnegative under these master-row dual variables. Together, the master-row dual variables and

these bound dual variables form a feasible dual solution of the DW LP relaxation. Its objective value equals

that of the optimal RMP dual solution, because the master rows coincide and the bound rows have zero

right-hand sides, and therefore equals the optimal RMP value by LP duality. Extending the RMP primal

solution with zero values for all paths outside the RMP gives a feasible solution of the DW LP relaxation
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with the same objective value, because the added variables contribute nothing to the objective or to the

master rows and satisfy their bound rows as 0≤ 0. By weak duality, the extended solution is optimal for the

DW LP relaxation, so the RMP value equals zlpdw. Since the DW LP relaxation relaxes the binary domains

of DW, zlpdw ≤ z∗dw. □

Algorithm 1 terminates, and by Proposition 4 its final RMP solution is optimal for the DW LP relaxation.

Every RMP is feasible, since setting all path variables to zero satisfies its rows, the capacities being non-

negative, and Eqs. (2f)–(2i) bound all variables, so every RMP has an optimal solution. For a path in the

RMP, the optimal RMP dual solution provides bound dual variables that make the reduced costs of its two

variables nonnegative, so Step 2 shows that its JRC is nonnegative, at both load bounds for a physical path.

Exact pricing returns only paths with negative JRC, so every iteration that does not stop adds paths outside

the RMP. Since every Pk and Rb is finite, exact pricing eventually returns no path. By Propositions 1–3

and the single search for both load bounds in Section 4.2.2, exact pricing minimizes the logical JRC over

every Pk and the physical JRC over everyRb at both load bounds, so an empty return means that every JRC

is nonnegative, and Proposition 4 applies. If rows of Eq. (2j) are separated, each RMP solve adds violated

rows until none remains, which takes finitely many solves because these rows are finite in number.

EC.2. Heuristic Details
EC.2.1. Construction Details

The initial restricted block domain in Section 5.1 uses compatible direct connections and at most eight hub

proposals per demand. Hubs are ranked by compatible volume support divided by summed path length

budgets. The full physical graph, original capacities, demands, and individual compatibility are retained.

The physical candidatesRC
b ⊆Rb of a block b are generated by shortest-path searches when b is first con-

sidered. Let qmax
b =max{f

b
,maxk∈Kb

qk}. For each load level t ∈ {f
b
,min{f b, q

max
b },min{f b,2q

max
b }},

in increasing order, we remove the arcs of the links with Ce < t and run Dijkstra’s algorithm from ib to jb
with each of the arc weights Da, cTba, cTba+Da, and cTba+4Da. If no path exists or the minimum-length path

exceeds Db, no path within the length budget exists at this or any higher level, and the searches for b stop.

If the minimum-cost path exceeds Db, we also examine the two cheapest elementary paths with respect to

cTba (Table EC.1). When the unit transportation costs of b are proportional to the arc lengths, all four weights

yield the same path, and only the length search is run. A path joins RC
b if it is new, satisfies the length

budget, and can carry the minimum block load, i.e., f br ≥ f b
in Eq. (EC.5).

When SERVE evaluates a candidate assignment (Section 5.1.3), the open blocks keep their incumbent

physical paths, and the newly opened blocks receive paths from their candidates one at a time, in increasing

block index. SERVE compares two selection rules, both of which account for the paths selected earlier. The

first selects the cheapest candidate that keeps every link within capacity at the smallest value of θ allowed

by the block load bounds and handling capacities. The second selects the candidate that keeps the largest

value of θ within the link capacities, breaking ties by unit cost. For each rule, SERVE computes [θ−, θ+]

with the selected paths and applies Eq. (13), and it keeps the cheaper of the two resulting plans.
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EC.2.2. Search Schedule

After construction, DG-CGM repeats search cycles until the time limit, using the controls in Table EC.1.

Each cycle starts with a local search stage. It then performs pricing rounds, each consisting of one path

generation invocation followed by a local search stage, until two consecutive rounds each fail to lower the

incumbent cost by more than εHmax{1, |z|}, where z is the incumbent cost at the start of the round. Joint

repair then runs once, and the next cycle starts.

A local search stage alternates destroy and local repair for at most |K| calls within 30 seconds, and each

local MIP has a time limit of one second. A call is improving if it lowers the incumbent cost by more than

εHmax{1, |z|}, where z is the incumbent cost before the call. Every strict feasible cost decrease is retained.

In each stage, the group size limit ND of Section 5.2 starts at eight, rises to twelve after two consecutive

nonimproving calls, and returns to eight after an improving call. The stage ends after three consecutive

nonimproving calls.

A path generation invocation is skipped when the incumbent and the candidate path pools coincide with

those at the start of the most recent invocation that ended with an optimal LP and a complete pricing sweep,

since it would return the same paths. Its round then consists of the local search stage alone. The 30-second

allowance of a joint repair invocation starts before the candidate searches of Section 5.5, so the joint MIP

receives the remaining time. The search for alternative physical paths visits the open blocks in turn and stops

after 0.1 seconds in total. For each retained physical path of a block and each node of this path, it keeps the

prefix up to the node, removes the prefix nodes and the arcs by which retained paths with the same prefix

continue, and computes a minimum-cost suffix with arc costs cTba over the links withCe ≥ f b
. If the resulting

path violates the length budget, revisits a node, or cannot carry f
b
, the suffix search is repeated with arc

costs cTba +Da, cTba +4Da, and Da. The two cheapest new paths of each block join its pool. Section EC.2.3

describes the search for partner chains. The joint MIP is skipped when it coincides with the most recent

joint MIP whose search was completed, that is, which was solved to optimality or shown to contain no plan

cheaper than the incumbent.

The search stops at the time limit or after a cycle in which every path generation invocation and the joint

MIP are skipped and the candidate searches before joint repair add no path.

EC.2.3. Minimum-Load Partner Chains

Partner chains are generated before each joint MIP from the incumbent and the shared logical pools P̃j . Let

BO be the set of open blocks, cmin
b =minr∈R̃b

cBbr, and c̄j the incumbent unit cost of demand j in Eq. (11).

For a path p ∈ P̃j , let Djp contain its blocks b /∈ BO with qj < f
b
, which demand j cannot open alone, and

let
∆jp = v̄j c̄j +(qj − v̄j)cUj +

∑
b∈Bexcl

j \p

cOb

− qj
∑
b∈p

(
cmin
b +1{ib ̸= oj}cHib

)
−
∑

b∈p\BO

cOb
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be the estimated saving from moving all of qj to p, where Bexcl
j contains the blocks of p̄j that carry no other

served demand. For a demand k and a block b∈Bk with R̃b ̸= ∅, the reward

Rkb =max
(
{0}∪

{ ∆jp

|Djp|
: j ̸= k, p∈ P̃j, ∆jp > 0, b∈Djp, qj + qk ≥ f b

})
(EC.4)

assigns to b the largest share of such a saving among the paths of other demands that need b and can open it

together with k. For each demand k with a positive reward in Eq. (EC.4) for some b, a labeling search finds

the cheapest elementary paths from ok to dk over the compatible blocks with retained physical paths, where

block b costs

qk
(
cmin
b +1{ib ̸= ok}cHib

)
−Rkb +1{b /∈BO, Rkb = 0}cOb .

An unopened block is charged its opening cost only when it carries no reward, because a positive reward is

computed after the opening costs in ∆jp have been deducted. The three cheapest paths that are not yet in

P̃k join the pool, and the searches for all demands stop after 0.1 seconds in total. The rewards only guide

this search, and the joint MIP evaluates the resulting paths with the original objective and constraints.

EC.2.4. Arc Options in Joint Repair

The arc option of Section 5.5 gives each released demand k a copy (xD,arc
k , xD,arc

kb , garckb , v
arc
k , ℓD,arc

ki ) of its

logical variables in ARC. The copy satisfies Eqs. (1b)–(1g) over the compatible blocks with retained phys-

ical paths, and xD,arc
kb ≤

∑
r∈R̃b

xB
br replaces Eq. (1h). The constraints

∑
p∈P̃k

xD
kp + xD,arc

k ≤ 1 for each

released demand and
∑

k∈Kfree
xD,arc
k ≤ 1 allow each demand at most one of its options and at most one

demand the arc option. The copy enters the other constraints and the objective as a logical path does. The

volume garckb is added to the volumes of the released demands on block b in the block balance of Eq. (15),

the reclassified volume
∑

b∈B+
k
(i) g

arc
kb − 1{i= ok}varck is added at each yard i to the handling capacity and

the handling cost, and the served volume of k becomes
∑

p∈P̃k
vDkp+ v

arc
k in the unserved demand cost. The

size estimate sarc is the number of variables of the augmented MIP plus an upper bound on its number of

constraints, computed before the model is built.

EC.2.5. Physical Path Load Limits

An elementary physical path visits no node twice, so it traverses each link at most once, that is,
∑

a∈Ae
δar ∈

{0,1}. A path r selected for block b therefore carries the full block load on every link that it traverses, and

the restricted MIPs of local repair and joint repair use the load limit

f br =min
{
f b, min

e∈E:
∑

a∈Ae
δar=1

Ce

}
(EC.5)

in place of f b in Eq. (2g), while the physical candidate sets exclude paths with f br < f
b
. These changes

remove no integer feasible solution of a restricted MIP. If such a solution selects path r for block b, then for

every link e traversed by r, the link row of Eq. (15), with the fixed loads moved back to its left side, contains

the term vBbr and further nonnegative terms, so vBbr ≤ Ce. Together with vBbr ≤ f b, this gives vBbr ≤ f br. If

the solution does not select r, then vBbr = 0. A path with f br < f
b

can therefore never be selected, because
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Table EC.1 Default search controls.

Control Default

Related-demand score weights (ω0, ω1, ω2) (104,103,500)

Initial demand-group size limit 8

Consecutive nonimprovements triggering expansion 2

Expanded demand-group size limit 12

Stage-control relative-improvement threshold εH 10−4

Consecutive nonimprovements ending a local search stage 3

Maximum number of local MIP calls per local search stage |K|
Time allowance per local search stage 30 s

Nonimproving completed pricing rounds triggering joint repair 2

Time limit per local MIP 1 s

Cheapest retained physical paths per released block 3

Alternative physical paths per open block before joint repair 2

Time limit for this physical path search 0.1 s

Partner chains per demand before joint repair 3

Time limit for the partner chain search 0.1 s

Regenerated lowest-EUC logical paths per demand in each repair 16

Construction stopping tolerance εC 10−6

Hub yards for two-hub groups Nhub 16

Candidate blocks above which construction restricts the block set 10,000

New blocks permitted in an expanded logical chain 2

Initial logical-path limit per demand NLP 4

Return cap per demand Nadd 12

Mixed-selection JRC quota NJRC 8

Mixed-selection diversity quota Ndiv 2

Mixed-selection EUC quota NEUC 2

Successor-yard neighborhood size Nnbr 32

Soft time allowance per RMP iteration τPG 10 s

New logical paths per LP batch Nbatch 1,000

Maximum pricing batches per invocation IPG 10

LP plateau window WPG 3

Relative LP plateau tolerance εPG 10−5

Pricing-batch share of remaining overall time 0.2

Maximum demands released in joint repair NJ 250

Joint MIP size limit for arc options Narc 105

Cost-ranked shortest paths examined after an initial length violation 2

Time allowance per joint repair invocation 30 s

it would require f
b
≤ vBbr ≤ f br. Since f br ≤ f b, the load limits can only shrink the LP relaxations of the

restricted MIPs, and f br can only decrease when link capacities are reduced.

In each local repair call, the candidate set R̃b of a block b ∈ Bfree contains up to three of its cheapest

retained physical paths, a retained path with the largest f br, and its incumbent path.

EC.2.6. Default Search Controls

Table EC.1 lists the default controls of DG-CGM, which all experiments use unless stated otherwise.
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EC.2.7. Sensitivity to Search Controls

Table EC.2 reports the one-at-a-time variants of Section 6.2.4. Each variant changes one control of

Table EC.1 and keeps all others, the 60-second time limit, one solver thread, and seed 1 on the 150 gener-

ated instances. Diff. is the mean paired relative cost difference from the default configuration, W/T/L counts

the instances on which the variant is cheaper, equal, or more expensive, and p is the two-sided Wilcoxon

signed-rank p-value, reported when at least six instances differ.
Table EC.2 One-at-a-time sensitivity of DG-CGM to its search controls.

Control Default Value
Mean
gap/%

Max.
gap/% #Opt. Time/s Diff./% W/T/L p

NLP 4 2 0.10 5.8 89 49.3 −0.05 5/142/3 0.148
NLP 4 8 0.10 5.8 89 51.1 −0.04 4/144/2 0.219
(Nadd,NJRC,Ndiv,NEUC) (12,8,2,2) (6,4,1,1) 0.06 2.8 89 50.7 −0.08 6/142/2 0.078
(Nadd,NJRC,Ndiv,NEUC) (12,8,2,2) (24,16,4,4) 0.09 4.5 89 50.6 −0.06 5/144/1 0.094
Nnbr 32 16 0.12 5.8 89 50.7 −0.03 4/143/3 0.297
Nnbr 32 64 0.15 5.8 89 50.8 0.00 0/150/0 –
IPG 10 5 0.09 5.8 91 51.4 −0.05 6/142/2 0.039
IPG 10 20 0.17 5.8 88 50.7 0.03 1/142/7 0.016
τPG/s 10 5 0.12 4.2 88 50.7 −0.03 1/148/1 –
τPG/s 10 20 0.15 5.8 89 51.0 0.00 0/150/0 –
Group size limits (8,12) (4,8) 0.14 5.8 89 50.1 −0.01 5/141/4 0.820
Group size limits (8,12) (12,16) 0.14 5.8 88 48.1 −0.01 1/147/2 –
εH 10−4 10−3 0.14 5.8 89 50.5 −0.01 1/148/1 –
εH 10−4 10−5 0.14 5.8 88 50.7 −0.01 1/147/2 –
Default – – 0.15 5.8 89 50.8 – – –

EC.3. Details of Instance Generation
The generator takes a random seed and the target numbers of nodes and demands as input. It estimates all

distributions from data set L1 (Section 6.1) and keeps the network-wide parameters of L1, such as the cost

coefficients, unchanged. Each L1 node is a yard, a gate, or a micro node, each yard has one of three levels,

and every L1 demand connects yards of levels 1 and 2. We treat the L1 network as an undirected simple

graph that keeps the shortest of any parallel links, so that the degree of a node is its number of neighbors. In

its largest connected component, we replace every maximal path whose interior nodes are micro nodes of

degree two by one link of the same total length, again keeping the shortest of any parallel links, and retain

all other nodes. In the resulting simplified real network, we partition the nodes once, for all instances, into

six regions by k-means (MacQueen 1967) on their coordinates in miles under an equirectangular projection.

Region g has n̂g nodes, and m̂gh and ŝgh denote the mean and standard deviation, over these nodes, of the

fraction of a node’s neighbors that lie in region h. The demands are apportioned by the largest-remainder

method among commodities and then among pairs of origin and destination yard levels, in proportion to the

numbers of L1 demand records, and each commodity and level pair with demands forms a demand category.

Each generated node joins region g with probability n̂g/
∑

h n̂h, and a node i in region g draws a prefer-

ence φih ∼Normal(m̂gh, ŝ
2
gh) for links to each region h, clipped to [0,1] and normalized to sum to one. If



ec14 e-companion to DG-CGM for Integrated Railroad Blocking

ng generated nodes lie in region g, the nodes of this region in the simplified real network, sorted by degree,

supply reference records at positions 1+⌊(t− 1
2
)n̂g/ng⌋, t= 1, . . . , ng, which are assigned to the generated

nodes of the region in random order. GenCAT (Maekawa et al. 2023) then calibrates the preferences of each

region to m̂gh and adds links according to them, up to a target degree for each node equal to the degree of

its reference record. Each link can be traversed in both directions.

The reference record of a generated node also supplies its node type and coordinates, with each coordinate

perturbed by independent Gaussian noise whose standard deviation is 0.035 times that of the coordinate

over the region in the simplified real network; ri denotes the result for node i. The nodes whose reference

records are yards form Y . To preserve the observed combinations of yard characteristics, we sample |Y|

complete records of yards of the simplified real network with replacement within each level. The numbers

of records per level are apportioned in the same way by the level shares of that network, after which levels

1 and 2 are enlarged at the expense of level 3 until the n records of each of these levels give at least as many

distinct ordered pairs, n(n−1), as any category with both endpoints at that level has demands. A minimum-

cost one-to-one matching assigns these records to the generated yards, where assigning the record of yard

j to generated yard i costs 3| log[(1 + deg(i))/(1 + deg(j))]| + ∥ri − rrefj ∥2/1,500, with degrees in the

respective networks and the coordinates rrefj of yard j in miles. The assigned record provides the operator,

level, classification track slots Ti, handling capacity Hi, and handling cost cHi of yard i.

The length of each arc a is first set to Da = max{0.01,∥ria − rja∥2} miles. All arc lengths are then

multiplied by D̂/D, where D̂ and D are the median shortest-path distances over unordered pairs of distinct

yards in the simplified real network and in the generated network, so that the two medians coincide. As in

L1, every link has capacity Ce = 700,000.

For each demand k, we sample an L1 demand record uniformly from its category. This record sup-

plies an initial volume q(0)k , the shortest-path distance D̂k between its origin and destination in the sim-

plified real network, and whether these two yards have the same operator. Among the ordered pairs

(i, j) of distinct generated yards, with i at the origin level and j at the destination level of the category,

that no earlier demand of the same commodity uses, we draw (ok, dk) with probability proportional to

exp{−3| log(max{dist(i, j),1}/max{D̂k,1})|}, multiplied by exp(−1.5) if the pair and the record differ

in whether their two yards have the same operator. Here, dist(i, j) is the shortest-path distance in miles in

the generated network.

Within each commodity, the initial volumes divided by their mean define an outgoing and an incoming

total at each yard. The conditional reconstruction method (CReMa) of Parisi et al. (2020), implemented in

NEMtropy (Vallarano et al. 2021), fits yard parameters ν+i and ν−i such that independent samples Xk ∼

Exp(ν+ok + ν−dk) of the demands, where Exp is parameterized by its rate, match these totals in expectation;

every absolute deviation is at most 10−5 times the largest total. Let K′ list the demands of the commodity

in increasing order of Xk, and let Q̂ be the sample quantile function of the L1 volumes of the commodity,
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interpolated linearly between order statistics. The t-th demand k in K′ receives the requested volume qk =

max{1, ⌊Q̂((t− 1
2
)/|K′|)⌉}, where ⌊·⌉ rounds to the nearest integer, with ties to even. The final volumes

thus follow the L1 volume distribution of the commodity, and the samplesXk determine only their order. An

instance is valid if the network generated by GenCAT is connected, so that its largest connected component

contains all generated nodes, and if it has at least eight yards, level 3 can supply the enlargement of levels 1

and 2, every category has at least as many ordered pairs of distinct yards at its levels as demands, and every

fit meets the tolerance above.
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